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Abstract 

In the first part of tliese lectures we will review the main aspects of large 
QCD and the explicit results obtained from it. Then, after a review of 
the properties of = 4 super Yang-Mills, type IIB string theory and of AdS 
space, we briefly discuss the Maldacena conjecture. Finally in the last part 
of these lectures we will discuss the finite temperature case and we show how 
"hadronic" quantities as the string tension, the mass gap and the topological 
susceptibility can be computed in this approach. 



1 Introduction 

Gravity is described by the Einstein's theory of general relativity, while the other 
interactions are described by gauge field theories. Actually also the theory of gen- 
eral relativity is a gauge theory corresponding to the gauging of the space-time 
Poincare group, while those that are usually called gauge theories correspond to 
the gauging of an internal symmetry. But apart from the fact that they are both 
gauge theories does it exist any deeper relation between them? Do they imply each 
other in a consistent quantum theory of gravity? In the framework of field theory 
there is no connection; they can both exist independently from each other, but any 
field theory involving gravity suffers from the problem of non-renormalizability. In 
the framework of string theory, instead, where quantum gravity makes sense, we 
see not only that they naturally occur together in the same theory, but also that 
any attempt for constructing a string theory without gravity has been until now 
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unsuccessful. This seems to suggest that the presence of both gravitational and 
gauge interactions is perhaps unavoidable in a consistent string theory. 

String theories originated from the attempt of describing the properties of strong 
interactions through the construction of the dual resonance model. It became soon 
clear, however, that this model in its consistent form, that later on was recognized to 
correspond to the quantization of a relativistic string, contained all sort of massless 
particles as gluons, gravitons and others except a massless pseudoscalar particle 
corresponding to the pion that in the chiral limit is the only massless particle that 
we expect in strong interactions. 

Actually a model describing vrvr scattering in a rather satisfactory way was pro- 
posed by Lovelace and Shapiro According to this model the three isospin 
amplitudes for pion-pion scattering are given by: 

A'' = ^[Ais,t) + Ais,u)]-^Ait,u) 

A^ = A{s, t) - A{s, u) A^ = A{t, u) (1.1) 

where 

Ais,t)=P ^ ; as = ao + a's 1.2 

r(l - at - as) 

s = —{ki + /c2)^, t = —{ki — k^Y ^'^d u = —{ki — ki)"^ are the three Mandelstam 
variables that satisfy the relation: s + t + u = —J2ikf = 4m1. The amplitudes 
in eq.( |l.l| ) provide a model for tttt scattering with linearly rising Regge trajectories 
containing three parameters: the intercept of the p Regge trajectory ao, the Regge 
slope a' and /3. The first two can be determined by imposing the Adler's self- 
consistency condition, that requires the vanishing of the amplitude when s = t = 
u = ml and one of the pions is massless, and the fact that the Regge trajectory 
must give the spin of the p meson that is equal to 1 when ^/s is equal to the mass 
of the p meson mp. These two conditions determine the Regge trajectory to be: 
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0.48 + 0.885s (1.3) 



Having fixed the parameters of the Regge trajectory the model predicts the masses 
and the couplings of the resonances that decay in vrvr in terms of a unique parameter 
jS. The values obtained are in reasonable agreement with the experiments. Moreover 
one can compute the vrvr scattering lenghts: 

ao = 0.395/5 02 = -0.103/3 (1.4) 

and one finds that their ratio is within 10% of the current algebra ratio given by 
ci'o/O'2 = —7/2. The amplitude in eq. (|1.2|) has exactly the same form as the four 
tachyon amplitude of the Neveu-Schwarz model with the only apparently minor 
difference that ao = 1/2 (for mj^ = 0) instead of 1 as in the Neveu-Schwarz model. 
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This difference, however, imphes that the critical dimension of this model is D = 4 [] 
and not D = 10 as in the NS model. In conclusion this model seems to be a perfectly 
reasonable model for describing low-energy tttt scattering. The problem is, however, 
that nobody has been able to generalize it to the multipion scattering and to get a 
string interpretation as instead one has done in the case of the known string models. 

Because of this and also because of the presence of some features in the string 
model that are not shared by strong interactions as for instance the exponential 
instead of the power decay of the hadronic cross-section at large transverse momen- 
tum, it became clear in the middle of the seventies that string theories could not 
provide a theory for strong interactions, that in the meantime were successfully de- 
scribed in the framework of QCD, but could instead be used as a consistent way of 
unifying all interactions in a theory containing also quantum gravity 0. It turned 
out in fact that all five consistent string theories in ten dimensions all unify in a 
way or another gravity with gauge theories. Let us remind shortly how this comes 
about. 

The type I theory is a theory of open and closed string. Open strings have 
Chan-Paton gauge degrees of freedom located at the end points and, because of 
them, an open string theory contains the usual gauge theories. On the other hand 
a pure theory of open strings is not consistent by itself; non-planar loop corrections 
generate closed strings and a closed string theory contains gravity. Therefore in 
the type I theory open strings require for consistency closed strings. This implies 
that gravity, that is obtained in the zero slope limit {a'^i 0) of closed strings, is a 
necessary consequence of gauge theories, that are obtained in the zero slope limit of 
the open string theory {a' — >■ 0). Remember that the two slopes are related through 
the relation a'^i = a'/2. 

The heterotic strings is instead a theory of only closed strings that contains, 
however, both supergravity and gauge theories. But in this case gravity is the fun- 
damental theory and gauge theories are obtained from it through a stringy Kaluza- 
Klein mechanism. The remaining consistent theories in ten dimensions are the two 
type II theories that at the perturbative level contain only closed strings and no 
gauge degrees of freedom. However, they also contain non-perturbative objects, the 
D-branes that are characterized by the fact that open strings can end on them. 
Therefore through the D-branes open strings also appear in type II theories and 
with them we get also gauge theories. 

In conclusion all string theories contain both gravity and gauge theories and 
therefore those two kinds of interactions are intrinsically unified in string theories. 
But, since all string theories contain gravity, it seems impossible to use a string 
theory to describe strong interactions. In fact they are described by QCD that does 
not contain gravity!! 

On the other hand it is known since the middle of the seventies that, if we 
consider a non-abelian gauge theory with gauge group SU{N) and we take the 't 

*This can be checked by computing the couphng of the spinless particle at the level as = 2 
and seeing that it vanishes for £> = 4. 
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Hooft limit where the number of colours oo, while the product Qym^ = ^ 

is kept fixed 0, the gauge theory simplifies because only planar diagrams survive 
in this limit. In the large N limit the gauge invariant observables are determined 
by a master field that satisfies a classical equation of motion. It has also been 
conjectured that in this limit QCD is described by a string theory; the mesons are 
string excitations that are free when ^ oo. This idea is also supported by the 
experimental fact that hadrons lie on linearly rising Regge trajectories as required by 
a string model. The fact that the large expansion may be a good approximation 
also for low values of as = 3 is suggested by the consistency of its predictions 
with some phenomenological observations as for instance the validity of the Zweig's 
rule and the successful explanation of the f/(l)-problem in the framework of the 
large A^ expansion. This is also confirmed by recent lattice simulations |]5[. The 
concrete way in which the large A^ expansion explicitly solves the f/(l)-problem is 
reviewed in Sect. ^. The fact, however, that any consistent string theories includes 
necessarily gravity has led to call the string theory coming out from QCD, the QCD 
string because, as QCD, it should not contain gravity. Although many attempts 
have been made to construct a QCD string none can be considered sufficiently 
satisfactory. This problem has been with us for the last thirty years. In Sect. |] 
we will review the large A^ expansion in gauge theories and the various arguments 
that brought people to think that, for large A^, a string theory ought to emerge 
from QCD. Unfortunately, although the large- A^ expansion drastically simplifies the 
structure of QCD keeping only the planar diagrams, it has not yet been possible to 
carry it out explicitly in the case of four-dimensional gauge theories. In order to 
show some example in which the large A^ expansion can be explicitly performed in 
Sect, ^we discuss it in the CP^~^ model, where it has allowed us to study several 
important aspects that these models share with QCD as for instance confinement 
and the U{1) problem, and in two-dimensional QCD, where a master field picture 
emerges and the spectrum of mesons can be explicitly computed. 

Recent studies of D branes have allowed to establish another deep connection 
between gravity and gauge theories. In fact, on the one hand, a system of A^ D 
p-branes is a classical solution of the low-energy string effective action, containing 
gravity, dilaton and an antisymmetric R-R {p + l)-form potential. The metric 
corresponding to a D p-brane in D = 10 is given by: 

{dsf = H~^/\y)7]^pdx''dx'^ + H^/\y)6ijdy'dy^ (1.5) 

while the dilaton and RR potential are equal to: 

^-i^-M = [i/(^)](^'-3)/4 . A01...P = [Hiy)]-' (1.6) 

where 

H{y) = 1 + ^ K,= f gs (1.7) 
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with = UiU^ and Vtq = 2'7r'-'''^^)/^/r[(g + l)/2]. The indices a and P run along the 
world volume of the brane, while the indices i and j run along the directions that 
are transverse to the brane. 

On the other hand the low-energy dynamics of a system of D p-branes is 
described by the non abelian version of the Born-Infeld action that is a functional 
of the transverse coordinates of the brane and of a gauge field A" living on the 
brane. Its complete form is not yet known, but for our considerations we can take 
it of the form suggested in Ref. 0: 

Sbi = -rf^ j d^^^i e-*STr y'- det [G^p + B^p + 2'Ka' F^p] (1.8) 

The brane tension is given by: 

W-^= ^V^/ 9s ^ e^o (1.9) 

where the string coupling constant gs is identified with the value at infinity of the 
dilaton field. Gai^ and B^ii are the pullbacks of the metric G^y and of the two-form 
NS-NS potential B^y, while Fap is a gauge field living on the brane. STr stands 
for a symmetrized trace over the group matrices. In addition to the term given in 
eq. (|1.8| ) the effective action for a D p-brane contains also a Wess-Zumino term that 
we do not need to consider here. By expanding the Born-Infeld action in powers of 
a' we find at the second order the kinetic term for a non abelian gauge field (the 
U{N) matrices are normalized as Tr(TiTj) = 

Sbi = -j^ I <F^'i F^^F^^'^ ; g^^, = 2g,{2rrY-\a'f^-'^" (1.10) 



An interesting property of the D-brane solution in eqs.( |1.5| ) and ( |1.6| ) is that for 
large values of r the metric becomes fiat. Therefore, being the curvature small, the 
classical supergravity description provides a good approximation of the D brane. 

Based on the previous deep connection between gauge theories and type IIB 
supergravity or more in general type IIB superstring and on the fact that the metric 
of a D3-brane in the near-horizon limit becomes that of AdS^ x Maldacena |^ 
made the conjecture that actually the low-energy effective action of a D3-brane, 
that is given by TV = 4 super Yang-Mills theory in four dimensions, is equivalent 
to type IIB string theory compactified on AdS^ x S^. A detailed discussion of the 
Maldacena conjecture is presented in Sect. 0, while Sect. ^ is devoted to general 
properties of anti De Sitter space and Sect. || to the symmetry properties of both 
AT = 4 super Yang- Mills and type IIB string theory. 

The Maldacena conjecture provides for the first time a strong evidence that a 
string theory comes out from a gauge theory. But jV = 4 super Yang-Mills is in the 
Coulomb phase and therefore the emergence of a string has nothing to do with the 
confining properties of the theory. In order to get a confining theory we have to get 
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rid of the conformal invariance of the theory. The simplest way of doing so is by 
considering A/" = 4 super Yang-Mills at finite temperature, i.e. by considering its 
euclidean version with compactified time. Since bosons have periodic and fermions 
anti-periodic boundary conditions, in going to finite temperature, we also break 
super symmetry. In order to deal with J\f = 4 super Yang-Mills at finite temperature 
it is necessary to consider a finite temperature version of AdS space This is 
what we present in Sect. where, following Witten we actually see that we can 
identify two manifolds both having as boundary the compactified Minkowski four- 
dimensional space. It turns out that one of them is dominant at low temperature 
where the theory is still in the Coulomb phase, while the other one is dominant 
at high temperature where instead the theory is confining 0. In the latter case 
the Wilson loop gives a contribution proportional to the area and from it one can 
extract a finite string tension. In this case the theory has a new phase at high 
temperature characterized by confinement and by the emergence of a mass gap [Q]. 
From the point of view of type IIB supergravity this is seen as the emergence of 
another solution of the supergravity equations, namely the AdS black hole, that 
becomes dominant at high temperature, while empty AdS space is still dominant 
at low temperature. This is presented in sect. |^ where we also compute the Wilson 
loop, from which we can extract the string tension, the mass gap and more in 
general the discrete spectrum of glue balls. 

In the final section || we discuss a recent proposal by Witten ^ for studying four- 
dimensional Yang-Mills theory starting from the M-theory 5-brane solution and we 
compute in this approach the topological susceptibility and the string tension. 

Recent and some of them very detailed reviews on the AdS/CFT conjecture can 
be found in Refs. [TO, O, O O, ITl . 



2 Large QCD 

In this section we discuss some diagrammatical properties of large QCD [|, we 
show that, unlike the perturbative expansion, the large A^ expansion is an expansion 
according to the topology of the diagrams and not in powers of the coupling constant 
and we see that a picture in terms of an underlying string theory seems to naturally 
emerge from it. At the end of this section we discuss the emergence of the master 
field. 

QCD is a gauge field theory based on the colour group SU{3). It is an asymp- 
totically free theory whose coupling constant in perturbation theory is given by: 



^ ^ 9ym 

.}N-lNf)log$ 4n 



^s{Q) = ..... «^ - ^ (2.1) 



where A^ = 3 and A ~ 250 MeV is the fundamental scale of QCD. At high energy 
(Q^ >> A^) the coupling constant is small and therefore QCD is well described 

tPor a recent review of the large N expansion in QCD see Ref. fisll . 
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by perturbation theory, but in order to study its low-energy properties as con- 
finement, chiral symmetry breaking and the emergence of a mass gap we need 
non-perturbative methods. One of them consists in putting QCD on a lattice and 
use numerical simulations. In this way, however, we get only a numerical but not 
a concrete understanding of confinement based on a definite approximation. Ac- 
tually, when we formulate gauge theories on a lattice, it is rather easy to compute 
various physical quantities in the strong coupling approximation and it is even not 
so difficult to compute several terms of the strong coupling expansion. For instance 
it is almost immediate to show that the vacuum expectation value of the Wilson 
loop has a leading term proportional to the area of the loop: 

W{I, J) = e-"'°s(^f?-M) = e-""'<^ (2.2) 

where we have considered a rectangular Wilson loop with sides of lenghts la and Ja 
[a is the lattice spacing). According to the Wilson confinement criterium consisting 
in the fact that the Wilson loop is proportional to the area of the loop the behaviour 
found in eq. (p.2| ) implies that the strong coupling limit of gauge theories confines 
and that in this limit the string tension is given by: 

a = \\og{Ng'y^) (2.3) 

In the same paper |16| in which Wilson found that the Wilson loop is proportional to 



the area in strong coupling lattice gauge theory, it was also realized that the strong 
coupling expansion of the Wilson loop can be written as a sum over all surfaces as 
in the relativistic string model. Thus a string picture emerges from lattice gauge 
theory for strong coupling. However the behaviour of lattice gauge theory for strong 
coupling has in general nothing to do with the continuum limit of the theory, that 
is the one we are interested in and that is obtained instead when the lattice spacing 
a goes to zero corresponding, because of asymptotic freedom, to a weak coupling 
limit: 

a'Al = e-i6^V(/3o.^,,(a)) /3^ = 11n_ l^f (2.4) 

3 3 

where Aq is the QCD scale in some normalization scheme. According to the renor- 
malization group a physical quantity as the string tension should show the same 
behaviour in terms of the coupling constant as in eq.( |2.4| ): 

cra2= (a/A2)e~^^-'/('^°^^MW) (2.5) 



Monte Carlo numerical simulations have shown |^ that confinement is indeed also 
a property of the weak coupling limit in which the continuum theory is supposedly 
recovered as one can see from the Monte Carlo data that show the exponential 
behaviour with the coupling constant as in eq.(|2.5|). 

However this limit cannot be performed analytically in some approximation. Up 
to now it has only been possible to reach it by numerical simulations. 
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Since its original formulation the large N expansion has been the most con- 
crete possibility for reaching an analytical understanding of the non-perturbative 
aspects of QCD including its confinement properties. One generates a new expan- 
sion parameter by introducing N instead of 3 colours. This means that we consider 
an SU{N) instead of an SU{3) gauge theory. 

In order to describe the large N expansion it is convenient to draw QCD Feyn- 
man diagrams in an apparently complicated notation P]: a gluon propagator is 
drawn as a pair of colour lines (each carrying a label going from 1 to A^) and a 
quark propagator as one colour and one flavour-carrying line. When propagators 
are joined through vertices (also written, of course, in double-line notation) one can 
count, for each Feynman diagram, its dependence upon the gauge coupling gvM, 
and the numbers of colour N and of flavours Nf. In 't Hooft's original expansion 
one keeps the number of flavours Nf, as well as the combination Qym^ ■> fixed as N 
goes to infinity. The latter requirement follows from the need to keep Aqcd fixed 
(see eq. (|2.1|) ), ensuring that meson masses approach a finite limit. The requirement 
of keeping Nf fixed is less obvious (in Nature, after all, < Nf) but is crucial in 
order to have vanishing mesonic widths (they behave like Nf/N) and to establish 
therefore a connection with tree-level string theory. Therefore in the following we 
will keep Nf fixed when N ^ oo. 

By looking at specific examples it is easy to get convinced of the validity of the 
following general properties: 

1. If one considers a correlation function of gauge invariant operators and if one 
looks at its dependence upon N and Qym^ = ^ can see that the depen- 
dence on A clearly varies with the order of the diagram, while the dependence 
on is only sensitive to its topological properties. Thus the large N expan- 
sion selects the topology of Feynman diagrams rather than their order and 
can pick up, at lowest order, important non-perturbative effects. 

2. Non-planar diagrams are down by a factor with respect to the planar 
ones. 

3. Diagrams with quark loops are down by a factor with respect to those 
without quark loops. 

Because of this the diagrams that dominate in the large N limit are the planar 
ones with the minimum number of quark loops. 

Let us consider a matrix element with two gauge invariant operators J{x) involv- 
ing bilinears of quark fields as for instance ipip or V^7^V'. The dominant connected 
diagrams contributing to a correlator containing two or more J's are the planar 
ones with only one quark loop filled in all possible ways by the gluon exchanges. It 
is easy to see that the two and actually also the multipoint correlators are of order 

for large A^ 

< J{k)J{-k) >~ O(A^) (2.6) 
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because the quark loop gives a factor while all the gluon exchanges give something 
that is constant if A is kept fixed. Since the diagram is planar it is easy to convince 
oneself that, if one cuts it, the intermediate states consist of an ordered set of 
partons starting from a quark and after many gluons ending on an antiquark and 
that each parton shares colour indices with his nearest neighbours in the chain. 
As a consequence the intermediate states are singlets of the gauge group and it is 
natural to associate them with mesons. Intermediate states with two mesons are 
negligible at large N. One can then factorize the two-point correlators in terms of 
a sum over meson contributions: 

<J{k)J{-k)>=j:TA-^-OiN) (2.7) 

In the perturbative regime we can use perturbation theory where we can see that 
the previous correlator behaves as a logarithm of k"^. In order to reproduce this 
logarithmic behaviour, we need an infinite number of mesons. In addition, since the 
meson masses, being proportional to A, are smooth when A^ — >■ oo, i.e. ~ 0(1), 
then the meson coupling, corresponding to the probability amplitude for a current 
to create a meson, a„ =< 0|J|?2 >~ O(V^) grows up as V^- It is natural to 
associate intermediate states of this kind with string-like states of the form 

\M{C,y) M{C.,y)\0 ^(a;)Pe^^^-^'''"Xy)|0 > (2.8) 

in which the path Cxy can be seen as a string with quarks at its ends (P denotes a 
path-ordered exponential and the trace is performed in group space). 

Similarly, for gauge invariant correlation functions of purely gluonic sources, 
intermediate states at large A'c have the same colour structure as : 

\WiC) >= W{C)\0 >= TrPexp 

and are thus naturally associated with a closed string described by the path C. 

Let us consider now a correlator involving 3 currents J. It will be a function 
of the three momenta p, r, s of the three operators. It can contain three poles 
respectively in the variables p^,r^ and corresponding to the masses of the three 
mesons or only two poles. The terms with three poles contains three couplings 
an and a 3- meson vertex. Since each a„ ~ 0{\/N) and the total expression is 
O(A^) then the 3-meson vertex is 0(1/V^). This means that, for N ^ oo the 
mesons are an infinite number of stable particles. The large A^ expansion has the 
nice property of separating the problem of the formation of hadrons connected to 
quark confinement and the generation of a mass gap from the problem of their 
residual interaction. Actually there are also some reasons to believe that mesons 
are excitations of a string. Already the representation of a meson given in eq.( p2.8D 
is strongly reminiscent of a string. In addition, the perturbative expansion in string 
theory in terms of the string coupling constant Qs and the large A^ expansion of gauge 



dx^A^ (x) 



10 > 



(2.9) 
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theories in powers of are both topological expansions in the sense that they 
are expansions according to the topology of respectively the string and the gauge 
theory diagrams. In particular the planar diagrams, that are the dominant ones in 
gauge theories, are pretty much reminiscent of the tree diagrams of string theory. 
A tree diagram for the scattering of M mesons in string theory is of the order gg^~'^, 
while the same amplitude for ^ oo in gauge theory is of the order A^~i~*^/2. 
A characteristic feature of the planar approximation, that we have already seen 
above, is that the intermediate states are "irreducible" colour singlet, in the sense 
that they cannot be split into two singlets. This is why the corresponding mesons 
should have exactly zero width in the large A^ limit precisely as it is the case in 
tree-level string theory. Additional evidence for having a string theory coming out 
from QCD comes from hadron phenomenology. In fact, if mesons are excitations 
of strings they will lie on linearly rising Regge trajectories as experiments seem 
to indicate. There are also other aspects of hadron phenomenology that are well 
explained (also numerically) by the large- A^ expansion as for instance the fact that 
even the heavy hadrons have a small width relative to their mass. Other ones are 
the validity of the Zweig's rule according to which for instance the meson decays 
in kk rather than in 3 pions as favoured by the phase space and the numerical 
explanation of the U{1) problem. 

If 't Hooft's considerations can be easily extended from mesons made by a quark- 
antiquark pair to glueballs, predicting in particular their existence and narrowness, 
the generalization to baryons is much more subtle. This is certainly related to the 
fact that a baryon is, by definition, a completely antisymmetric object that one can 
make out of A^ quarks. Thus, unlike the mesonic case, the baryon's wave-function 
changes in an essential way with A^ and one cannot expect the large A^ limit to be 
smooth. Arguments can be given for the baryon mass to scale indeed like A^ and 
therefore like 1/{1/N). If we identify 1/A^ with a coupling constant, such a behaviour 
is reminiscent of the monopole mass, and indeed, Witten (see Refs. [0, |T9|) has 
taken up this analogy quite far. Yet, the actual relevance of large A^ baryons for 
the physical nucleon remains to be proven. 

In conclusion we have seen that the large A^ expansion provides a very natural 
framework for discussing this QCD reinterpretation of the old Dual-String. 

In the last part of this section we will briefly discuss the idea of the master 
field. We have seen above that, if we restrict ourselves to connected diagrams, the 
leading term of a correlator involving composites of the type tpip is O(A^), while that 
of a correlator involving composites of the gluon is 0(A^^). It is, however, easy to 
see that disconnected diagrams are in general dominating. Therefore if we consider 
the Green's function of a collection of Wilson-loop operators as the ones given in 
eqs.(^ and (^: 

< 0|A^i---A^„>Vi---W^|0 > (2.10) 

it is rather simple to prove that the leading large A^ diagrams cannot have any 
propagator joining together two different operators. As a consequence the VEV in 
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eq. ( p.lOp becomes the product of the VEV's: 



<0|^i---^„Wi---W^|0>= 

=< 0|A^i|0 > ■ • ■ < 0|A^„,|0 >< 0|Wi|0 > ■ ■ ■ < 0|W^|0 > (2.11) 

This almost trivial observation actually leads to a very deep result: the functional 
integral defining our correlation functions must be dominated by a single field, 
the so-called master field This result follows immediately from studying the 
expectation value of the square of an operator which can be equal to the square of 
the expectation value if and only if the quantum average is completely dominated 
by one path (as in the classical theory). 

This powerful result gave great hope that the large limit of QCD could be 
solved in closed form. There is a large literature discussing the many amazing 
properties and equations satisfied by the master field. We do not have time to 
discuss it further here. 

Unfortunately, none of these approaches has lead so far to an explicit expression 
for the large N limit of four dimensional QCD: nonetheless, the idea that some kind 
of string must come out from QCD is still very popular. We know, however, that 
any string model associated with QCD cannot coincide with the usual bosonic (or 
super) string since these contain gravity (or supergravity) , i.e. interactions which 
are not contained in QCD. 

These problems have also brought several people to think that the QCD string 
is not infinitely thin but has a finite cross section. May be the relevant model is 
some kind of bag model with stringlike configurations. 

Although no string model has yet been derived in a rigorous way from QCD, we 
have presented a number of indications supporting such a connection. 

In conclusion, the large expansion is a very promising approach to understand 
non-perturbative properties of QCD as confinement, chiral symmetry breaking and 
the generation of a mass gap, but, although it drastically simplifies the structure 
of QCD keeping only the planar diagrams, it has not been possible to perform 
it explicitly and arrive to an explicit computation There are also a number of 
indications supporting the idea that a string model is coming out from QCD. This 
has been, however, clashing with the fact that all consistent string models contain 
gravity, while QCD does not. 

3 The large expansion in CP^^^ model 

We have concluded the previous section by seeing that it has not been possible to 
explicitly perform the large expansion in a matrix theory as QCD. We call it 
matrix theory because the gluon field is a matrix of SU{N). In the first part of this 
section we study the properties of a very interesting two-dimensional vector model, 
called the CP'^~^ model with fermions, because, on the one hand, it has many 
properties in common with QCD as classical conformal invariance, existence of a 
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topological charge, instanton solutions, confinement and f/(l) anomaly and, on the 
other hand, it can be explicitly solved in the large N limit. This model has been very 
useful in the past as a toy model for QCD. Although, unlike other two-dimensional 
models, confinement is in this model a quantum effect, the study of confinement in 
this model has not helped very much to understand confinement in QCD because 
confinement in two dimension is substantially different from confinement in four 
dimensions. It has instead been very useful for understanding how to solve the 
U{1) problem in QCD. 

The action of the CP^^^ model with fermions is given by [|: 



S= d'xl D^zD^z + Mb)^Ij- 
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2Np 



(3.1) 



The scalar field z has a colour index that transforms according to the fundamental 
representation of SU{N), while the fermion field has a colour index that takes 
values from 1 to Np together with a flavour index that transforms according to the 
fundamental of SU{Nf). is the covariant derivative of a U{1) gauge field 
and the scalar field z satisfies a constraint: 



N 



D„ = d„ 



N 



(3.2) 



e is taken to be equal to 1 in the covariant derivative for z. 

In order to study the quantum theory of the model one must compute the 
generating functional for the euclidean Green's functions given by: 



Z{J,J,ri,f]) = / DzDzD'ipD'ip5{\z\ 



2f' 



exp 



-S 



d X 



J-Z + Z- J + Tj-Tp + lp-rj 



(3.3) 



One can eliminate the quartic terms for the ip field by the introduction of auxiliary 
fields and one can use the integral form of the 5 function. In this way the action 
in the previous equation will contain only terms that are at most quadratic in the 
fields z and ip. Therefore the functional integral over those fields can be explicitly 
performed and one gets: 



Z(J, J,r],ri) 



exp|-S'e// + j d^x J d^y [j{x)Aj^^{x,y)J{y) + r]{x)A/{x,y)ri{y) 
where 

i . „ A"' 



(3.4) 



N 



a 



Ap =]/>-Mb- 



<l>^ + 75$5 (3-5) 



review of this model with all relevant references can be found in Ref. [EOl 
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and 



Seff = NTr log Ab - NpTr log + J cf 



X 



(3.6) 



Although the effective Lagrangian is more complicated than the original microscopic 
Lagrangian, it has, however, the advantage of containing directly the meson fields 
$ and $5, while the "quark" ip and the "gluon" z fields have been integrated out. 
The integral over the remaining composite fiels cannot be performed exactly and 
we must develop the action for large and Np keeping the number of flavours Nf 
fixed. In addition we must also make this expansion around a minimum and such 
a minimum occurs for a non zero vacuum expectation value for the fields $ and a. 
Actually in the first eq. in ( |3.5| ) the term corresponding to the v.e.v. of a has 
been already explicitly extracted. In the case in which the quark mass matrix is 
diagonal we can take the vacuum expectation values as follows: 



< >= MsdNpNf 



< > = < $5 > = < $5 >= 



I ^ (3.7) 



The index zero corresponds to the singlet field. Expanding then the effective action 
around such a minimum we get that the leading term for large A^ is equal to: 



^(1) = yiVia(O) 



1 

Ms 

— - M 

29 



(27r)2 g2 



+ 



(27r)2g2 + M2 



where the tilde indicates the Fourier transform 



a 



d xe~ 



■ip-x 



a[x) 



M = Mb + Ms 



(31 



(3.9) 



The integrals appearing in eq.( ^.8| ) are ultraviolet divergent. They can be regular- 
ized by the introduction of a Pauli-Villars cut-off A. Then the saddle point condition 
= requires the bare coupling constants / and g to vary with A according to 
the equations: 



27r 
7(A) 



1 

log^ 



2tt 



Ml] ^ 

M °^M2 



(3.10) 



which are typical of an asymptotic free theory. In addition, as also in QCD, there 
is a dimensional transmutation because in the quantum theory the dimensionless 
coupling constants / and g are traded with the two masses m and M. 

Having eliminated the term S*^^-* we can consider the quadratic part of Seff that 
is independent of A^ and Np and that is given by: 



(fx J (fy [a{x)V^{x - y)a{y) + A^V^^^{x - y)AM + 
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$T*(x - yWiy) + - y)n{y) + 2A,{x)Tf^l] (3.11) 



where the Fourier transforms of the inverse propagators are given by: 



f° = A{p- m 



1 



log 



p2 



(3.12) 



TT 



AT 



e + (p^ + 4M2)A(p; M^) 



5. 



and 



(3.13) 
(3.14) 

(3.15) 



(3.16) 



In conclusion the leading term in 1/A^ describes a free theory of "mesons" that are 
composite fields of the fundamental "quark" and "gluon" fields. Higher order terms 
in the large N expansion will describe the meson interaction. 

Let us now discuss the physical properties of this model. Because of asymptotic 
freedom its short distance properties are completely analogous to those of QCD. 
Unlike QCD we are able in this case to analytically study for large N and Np also 
its low energy properties. In particular by using the low-energy expansion: 



1 



3 Am? 



(3.17) 



we can extract from eq.( 3.11|) the low energy effective Lagrangian that in the sim- 
plified case where Np = e = 1 is given by: 



'eff 



+ 2 



{d,a^Y + {mi + AM'){a 



i\2 



+ 



+ 



1 2 1 

^ 2^ + 



I2N 



2A'Km? 



N 



where 



F = e/^^d^A^ 



— - — $1 

2^M ^ 



U^ = S 



F^F-S 



a 



2^M 



and 



'2n 



AneM^ 



(3.18) 



(3.19) 



(3.20) 



An important property of this model is the generation of a kinetic term for the 
vector field that was not present in the classical theory. In two dimension this 
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implies the generation of a confining linear potential with string tension equal to 
(J = {12m^T[)/N . The factor comes from the coupling between "coloured" 
states and A^. Another important property that is pretty much related to the 
previous one is the appearence of a dependence on the 9 vacuum parameter in the 
large N expansion. In fact if we introduce the topological charge density 

q{x) = — ^F(x) (3.21) 



where F is the field defined in eq.( p.l9|) , we neglect all terms in eq. (|3.18|) that 
include mesonic fields and we add a term with the vacuum 6 parameter we are led 
to consider the following effective Lagrangian: 

Leff = ^^q' + ieq + qJ (3.22) 

where J is an external source. The algebraic equation of motion for q that one gets 
from the previous Lagrangian is 

q = --^{J + ^e) (3.23) 

Inserting it in eq. ( |3.22| ) we get the following generating functional: 

Z{J,e) = e-^(^'^) = etwUMJ+^o)' (3.24) 
From it putting J = we can extract the vacuum energy 

E{e)^w{e,o) = ^e' (3.25) 

the one-point function for the topological charge density 

377?^ 

< q{x) >e= ^-^e (3.26) 

and the two-point function for q 

< q{x)q{y) >= ^5{x - y) (3.27) 

Notice that the vacuum energy has the form 

E{e) = NF{e/N) F{x) = (3.28) 

where the factor in front counts just the number of degrees of freedom. From 
eq. (|3.27|) we can compute the topological susceptibility: 

< q{x) j Syq{y) >= = (3.29) 
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Another important property of this model is the presence in the effective low-energy 
Lagrangian in eq. (|3.18|) of a mixed term with the singlet axial field and the vector 



field that is fundamental for the resolution of the U{1) problem. We do not discuss 
further this here since in the next section we will be discussing its resolution in 
QCD. 

In the second part of this section we consider QCD in two dimensions {QCD2) 
and we show that in the light cone gauge it is possible to reformulate it completely 



in terms of a bilocal mesonic field 21, 221. We then show that the master field 



corresponding to the vacuum expectation value of the bilocal mesonic field, is fixed 
in the limit of a large number of colours by a saddle point equation whose solution 
is equal to the fermion propagator constructed in the original paper by 't Hooft |23| . 
Considering then the quadratic term containing the fluctuation around the saddle 
point it is possible to show that the equation of motion constructed from it gives 
exactly the integral equation found in Ref. P3| for the mesonic spectrum. 
We consider the action 

S = j (fx |-^tr(F'^'^F^,) + m')^'| (3.30) 

where F^, = d^A,-d,A^+i[A^, A,], i ^ab = If^iidf, Iab-A^^T^b), a, b = l...N^-l 
are the indices of the adjoint representation of the colour group, A,B = 1...N run 
over the fermionic representation of the colour SU{N). If we choose the gauge 
A°i = and we normalize the trace over the fundamental representation to one, we 
can rewrite the previous action^as 

S = l d?x {^(9,-A^)' + «v^(^f5,+^f + 

- m>f>:^' - m>^Vf' - A\ V2i)^'TlB'4'+'^ (3.31) 
Integrating over we get 



§ Conventions. 

=x^^ ± x^) Af'B^ = AqBq - AiBi = A+B_ + A_B+ 

- ( V2\ +/00\ /I0\p 1±75 



= ( ) = ( V^- V5+ ) 
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-g',J (fx d'y Gix - y) i;fix)TX^i^fix) {y)T^j,il:^\y) = 
+ glxR j d'x d'y G{x - y) [i,f{x)^t\y) (x) 

- i^l\y)i^l'{y)] (3.32) 

where we used Y^uTab'^cd = xr^Sbc^ad + ^^abScd) valid for the fundamental 
representation and where G{x) = —^6{x^)\x^ \ = J e^'^'^p-. 
The interaction term suggests to introduce the composite field 

P^^(^,y)=EV5^''(?/)7- V'^i^) (3.33) 

A 

and its partners 

A 

a'^ix,y)^J2xl}^\y) 11 V'^^(x) 

A 

CTl\x,y) = Y.i^^\y) 75 i^^\x) 

A 

y) = ^ ^ " (3.34) 

Now we want to change variables in the functional integral and integrate over the 
mesonic fields p and a instead of the original quark field ■0. We need to compute 
the jacobian of the transformation from the ■0, to the p, a that is given by 

J[p+, p_, a+, a_] = j [Vi^f V^f Vi^^^ V,p^] 

Ji5\p'l{x,y) - V2Y^i,i^{y),pf{x)] n^[P?(^,?/) - V2Y^i,^^ {y)i:^\x)] 
xy A A 

ij ij 

-[{^iaiix^y) - V2Y^i,^^{y)ijf{x)] n^K(^,2/) - x/2^^^(|/)^fX^)] 



xy xy 
ij ij 

= J [Vil^f Vil^f Vi)^' Vi/j^^Vaf Va'l Vp'^ V/3'jl] 

^pi\y,x)la%ix,y)-V2j2A^-(y)'l'+(^)] + Piiiy,x)[a^ix,y)-V2j2A^+iy)^-'(^)l (3.35) 

where the sum over the flavour and space time indices is understood. 
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If we introduce the the matrices 



M= \ \Mpq\ 



u = m,,\\^('ff-^\ «;-^n (3.36) 

n = ( i^^\y) ^i\y) ) n=[ Jill^l ) 

where P = (xia) and Q = {yjl3), we can rewrite the exponent of the integrand in 
eq. (|3.35|) as 

J[U] = J [d^^d^^] [dM] exp [Tr{MU) - V2^^M^^] 

oc J [dM] exp [Tr{MU) + NTr log M] (3.37) 

where N is the dimension of the fermionic representation and Tr = tr^ tvi tva- 
Evaluating this integral with the saddle point method we get 

J[U] oc exp[-ArTr log U] (3.38) 

where we have neglected non leading contributions in N. 
If we define the matrix 

n-wn \\-( -^''^\x-y) i 6'^ d^-6\x -y) \ , . 

1^^5*^.9,+ (52(a;-y) -m'J6\x-y) ) ^'^"^^^ 

where m*-' = -^m*5*-', and we rescale the master field U — > NU, we can rewrite the 
effective action as 

— Se// = Tr{DU + ilogU) + -g'^j d'^x d'^y G{x - y) U(^xii),(yj2) U(^yji),(xi2) 

- J^9^^ J ' y) U{xil),{xi2) U(yjl)^(yj2) (3.40) 

where = g^xuN . 

Varying the effective action with respect to f/gp, we get the equation for the 
master field, that in the leading order in N is equal to 

DpQ + i{U-^)pQ + g^ 5a,25/3,iG'(x - y) t/(„2),fei) = (3.41) 

Multiplying it with [/, we get immediately 

DUpQ + i tpQ + / 5^,2 j d^Z G{X - Z) U^a:il),{zk2) f^(^fcl),Q = (3.42) 
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Writing explicitly these equations we find 

id^+p^{x, y) - n^^a^lix, y) + J dh G{x - z)p^{x, z)p^i{z, y) + i 5'^ 5^{x-y) = Q 

(3.43) 

id^^a'lix, y) - nt'p'l{x, y) = (3.44) 
id^-p%{x,y) - m'^al{x,y) + i 6'^ 6\x - y) = (3.45) 

id^+a'iix, y) - m^'p'iix, y) + [ dh G(x - z)p!^(x, z)a}?(z, y) = (3.46) 



In particular if we eliminate a^l{x,y) from the first equation using the second one, 
we get the fundamental equation 



idx+P-{x,y) + i{m ■ 171^ I d'^z S{x~^ — z~^) 6{x —z ) pi{z,y) 



+ g' I d'z G{x - z)p'l{x, z)pi{z,y) + i S'^ S'\x - y) = 



(3.47) 



In order to solve this equation it is better to pass to momentum space. Since 

vacuum is translationally in- 
variant, we need only one momentum for the Fourier transform of p^l{x,y). The 



previous equation (|3.47|) becomes 
(m ■ m)*'^ 



P- 



+ g' I dk G{k) p^{p - k) 



pt\p)+t6'' = 



(3.48) 



and it suggests to set 



P-ix,y) 
d^p 



d^p 
(2^ 



ip-(x-y) _ 



P-{P) 



2i p. 



(27r)^ 2p^p_ — 2(m ■ m)* — P-T{p) + ie 

With this substitution eq. ( |3.48|) becomes eq. (|3.39|) of ref. 

4^2 f £k 



(3.49) 



T{p) 



i{p- + A;_) 



(27r)2 J k'i 2{p + k)+{p + k)_ - 2(m ■ m)* - {p + k)^r{p + k) + ie 

(3.50) 

The explicit solution yields 



r(p) = r(p_) 



g^ ( sgn{p_) 1 



TT 



A 



P- 



(3.51) 



where A is an infra-red cutoff introduced in ref. 
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Inserting eq. ( |3.49| ) in eqs.( |3.44| ), ( p.45| ) and ( p.46| ), we get the Fourier transform 
of the master field 

U'^^) = 'Jl ( -2^^ ^ ^3 52) 

° 2p+p_ - 2(m ■ my - p_r{p) + ie \ 2p+ - r{p) -2m' J ^""'^ ' 

where T{p) given in eq. ( p.51| ). Uo{p) is the master field of QCD2 that is identified 
with the vacuum expectation value of the quark propagator. 

Let us now consider the mass spectrum of the theory, i.e. the fluctuations around 
the master field. To this purpose we write U = Uq + -^SU, and we consider the 
terms in the effective action that are 0(1) in A^. They are given by the quadratic 
terms in the fluctuation 6U : 

Si% = - '^Tr{UQ^6UUo^6U) + J d^x (fy G{x - y) SU(xii),{yj2) SU(yji),{xi2) 

^ ^ ^ d^x (fy G{x - ?/)f/o(«i),{xii)t^o(s,i2),to2) (3.53) 



2 

The last term in the previous equation does not depend on 6U and therefore will 
be neglected. The spectrum of the theory is determined by the equation of motion 
for the field 5U that is given by 



t 5U%{x, y)=g'j d\ dh U',^ ^^,{x - u) G{u - v) SU^^iu, v) U',^ ,^p{v - y) (3.54) 
and that in Fourier space leads to0 



A^(s + |)A^(s-|) J {2nyk^_ 



SU^r, s) = -^ /^f-^T^TTT^T-^ / 1^.1^ ^U^r. s - k) (3.55) 



(no sum over i and j ), where 

A^(p) = 2p+p_ - 2(m ■ my - p^T{p) + ie (3.56) 

and 



Following 't Hooft |]23|, we integrate both sides of eq. p.55| ) over the variable 5+ 
and defining the gauge invariant fielclj|] 

^%ir,s.) = j^^U%{r,s) (3.58) 



^ We define 



In the following we suppress the tilde over the Fourier transformed fields. 

II Notice that this is equivalent to set = in SU{x,y), thus obtaining a gauge invariant 
object. If 7^ 7/+ then U{x, y) is not gauge invariant under the residual gauge transformations. 
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we get choosing r_ > 



^aB^f. S-)=g 



rp{ij) / I c _ 

2-^ a/3 l-^- ^ 2 ' 2 

4|s_ + ^||s_ - I 



+ 



M2 



H -1 



ttA 



dk- 
2^ 



where 



Mi^ = 2(m ■ m)^ - — 

TT 



(3.59) 



(3.60) 



In the sector (a,/5) = (2, 1) it yields the 't Hooft equation (eq. (15) of ref. P3i ) 
when one identifies the Fourier transform of p^l{x,y) with tp{p,r). In the other 
sectors requiring the cancellation of the IR cutoff A, we get 



-'-aP V^- ^ 2 ' - 2 
4 S_ + ^ S_ TTl 



^uir, S-) 



(3.61) 



Performing the same straightforward manipulations as in ref. one is led to an 
integral equation for the mass spectrum ( ip = (pi2; we rescale s_ = r_(a; — ^) and 
define /i^ = 2r+r_ ): 



M2 

— - H 

X (1- 



x] 



^'^{x) P 
n 



(y - xY 



dy 



(3.62) 



that is the famous 't Hooft equation, with a discrete spectrum of eigenvalues labelled 
by an integer n such that /i^ ~ g'^n n, for n —>■ oo. 

In the other sectors we get the same equation for the mass spectrum, but the 
mesonic fields change according to 



with 



I 



C%\x) 



V 



(1— x)r_ 



1 



(3.63) 



(3.64) 



x(l—x)r^ XT- 

In conclusion in this section we have considered two two-dimensional models, 
the CP^~^ model and QCD2, in which the large-A^ expansion can be explicitly 
done, and we have studied their properties for —>■ 00. In particular in the case 
of QCD2 we have constructed the master field and the spectrum of mesons in the 
large- limit. 
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4 U{1) problem 



In this section we discuss the resolution of the U{1) problem in the framework of 
the large N expansion of QCD. In addition to colour gauge symmetry QCD has 
also a flavour symmetry. If the quark mass matrix is zero QCD is invariant under 
the transformations corresponding to independent U (Nf) rotations of the right and 
left parts of the quark field: 

1 ~ 75 1 + 75 

i^L = — - — i' Uii^L 'ipR = — - — i' Ur^jr (4.1) 

where both Ur and Ul are U{Nf) matrices. This UiiNf) ® UR{Nf) symmetry of 
the QCD action is called chiral symmetry. In the quantum theory QCD has an 
anomaly given by 

d,Ji^ = 2Nfq{x) q{x) = ^e^'^^'^F;,^;, (4.2) 

where q{x) is the topological charge density of QCD. As a consequence, QCD with 
massless quarks has only a SUl^Nj) ® SJjR^Nf) (8> Uv{l) where Uv{l) corresponds 
to the baryonic number conservation. In the real world chiral symmetry can only 
be an approximate symmetry because quarks have a non zero mass. However, 
if we restrict ourselves to the three light flavours, it is an approximate symmetry 
because their masses are small with respect to the QCD scale Aqcd- Since, however, 
this symmetry is not seen in the spectrum (there is no scalar particle that has 
approximately the same mass of the pion!), it is assumed (and this assumption is 
confirmed by lattice numerical simulations) that in QCD it is spontaneously broken. 
The vectorial SU{Nf) symmetry, that is left unbroken, is instead an approximate 
classification symmetry for the hadrons. As a consequence of the spontaneous 
breaking of chiral symmetry we get that the pseudoscalar mesons are the quasi 
Goldstone bosons corresponding to the spontaneous breaking of chiral symmetry 
and their low energy interaction can be exactly computed. In particular at low 
energy we can neglect all hadrons except those that are massless in the chiral limit. 
The effective Lagrangian describing the quasi Goldstone bosons is that of the non 
linear cr-model: 

L = ^Tr (d^Ud^'U-^) + -^Tr (mU + M^U^) (4.3) 

where f/ is a 3 x 3 or Nf x Nf matrix containing the fields of the pseudoscalar 
mesons: 

U = ^e^^*/^" $ = + tS/^f Tr = S'^ (4.4) 



**The fact that the resolution of the £7(1) problem is intimately connected to the existence of 
the axial anomaly was suggested in Ref . P4| . 
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while the mass matrix M can be taken to be diagonah 

Mij = fx^Sij 



(4.5) 

In the chiral hmit (M = 0) the Lagrangian in eg . (14.31 ) is invariant under chiral 
transformations that transform U UlUUr and therefore cannot be the effective 
Lagrangian for low-energy QCD because it does not contain the U{1) anomaly in 
eq.( ^4.2| ). In order to have the anomaly equation satisfied we must add to the pre- 
vious Lagrangian terms that also include the field corresponding to the topological 
charge q{x) appearing in the r.h.s. of the anomaly equation. On general ground we 
can write the following Lagrangian: 



j=0 



(4.6) 



where the first term with i = is equal to the kinetic term in eq. (|4.3| ). Neglecting 
derivative terms, that are irrelevant at low energy, requiring parity conservation 
and imposing that the axial anomaly is reproduced (this implies that, under an 
axial f/(l) transformation with angle a, the previous Lagrangian transforms as 
L — >■ L — 2aNfq{x)) we get that all terms of the sum with even indices are invariant 
under the complete U{Nf) ® U{Nf) symmetry, all the terms with odd indices are 
vanishing except the first one that is given by 



Li = -q{x)Tr log f/ — log f/ 



(4.7) 



This term precisely reproduces in the effective theory the anomaly equation. In 
order to have additional restrictions we need to use the large N expansion. Using 
the arguments developed in sect. |] it is easy to check the following behaviour with 
N: 

~ O(ViV) L2k ~ ^{N^'^^) (4.8) 

This means that, for large A^, we can neglect all even terms except the lowest one. 
Keeping only the leading terms in the large N expansion we arrive at the following 
Lagrangian: 

L = L,{U) + '-q{x)Tr[\ogU ' ^ ^ 



log + -—q^ + -^Tr [MU + M^U^) - Oq 

(4.9) 

where a is an arbitrary parameter that is 0(1 /A^) for large iV and we have also 
allowed for an arbitrary Q parameter. 

It is now convenient to use the algebraic equation of motion for q[x) to bring 
eq. ( |4.9| ) in the following form [^: 



L = LoiU) 



Tr (mU + M^U^) - 



aFl 



e-^Tr (log f/- log f/-^ 



(4.10) 



t^The resolution of the U (1) problem in the framework of t he lar ge N expansion was given in 
Ref. 11^. See also Ref. [£7). The effective Lagrangian in eq. (|4.1(]| ) was derived in Refs. 
|30|. 
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Since UW is proportional to the unit matrix and the mass matrix is diagonal we 
can take the vacuum expectation value of U to be of the following form: 



(4.11) 



where the angles (pi are determined imposing that < Uij > minimizes the energy 
corresponding to the Lagrangian in eq.( [4.10|) that is given by: 



(4.12) 



after having used eq. (|4.11| ). Hence they must satisfy the following equations: 

/x^sin^, = a(0-^0,) (4.13) 



It is convenient to work with a field V whose vacuum expectation value is propor- 
tional to the unit matrix. In terms of U it is given by: 



1 

Vij = < Ukj > 



(4.14) 



and the Lagrangian in eq. ([4.10|) becomes: 



L = Lo{V) + -j^ [Tr(logy - logV^)] + ^Tr [M{9)iV + _ ^p^^^ 



+ 



V2 



(logl^-log0) - (V-V^) 



where an inessential constant has been omitted and 



(4.15) 



(4.16) 



Since we are interested only in those results that follow from current algebra we can 
take as we have done in eq.(E^ 



s 



(4.17) 



In this case one gets the following final Lagrangian: 

L = ^Tr{d,Vd,V^) - laNfS'+ 



F^ 



M(^)(cos^<l> - 1) 

-Ttt 



+ 



—F^ sin — — $ - $ 

V2 F^ 



(4.18) 
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where the term imphed by the axial anomaly has generated a mass term for the 
singlet field S that has a coefficient 0(1/A^) for large (a ~ 0(1/A^)). 

The mass spectrum of the pseudoscalar mesons can just be obtained from the 
quadratic part of the Lagrangian: 

L2 = -Tr - ^Tr{<^)Tr{<^) - -Tr [m(0)$2] (4.19) 

If we decompose the matrix $ as follows: 

= vAj + n^^A^ (4.20) 

where the matrices A^^ are the Nf{Nf — 1) generators of SU (Nj) that do not belong 
to the Cartan subalgebra and we insert it in eq. ( |4.19| ) we get the following two-point 
functions: 

< n'^^{x)w\y) >-= ^^^^^(^ Ml,ie) = I {^.1(9) + 4(9)) 

(4.21) 

and 

<v.,{x)v,{y)>^-^-=tAT^{p'') (4.22) 

where F.T. stands for Fouries transform, the matrix A~/ is the inverse of the fol- 
lowing matrix: 

Mp') = ip' - f^Kom, - aB,, (4.23) 

and i? is a matrix having all elements equal to 1. The masses of the physical 
states can be obtained diagonalizing the mass matrix and are given by the following 
identity: 



Nf Nf 

detA = Y[{p'-M^{9)) = Y[{p'-f^^) 



(4.24) 



In the chiral limit (/ij 0) one gets Nj — 1 Goldstone bosons (Mj = 0) as expected 
from the spontaneous breaking of the chiral symmetry and one particle with mass: 

M| = aNf (4.25) 

Since a ~ 1/N we see that the mass of the singlet is governed in the large- limit by 
the same factor Nf /N as the coefficient of the axial anomaly in eq. ( |4.2| ) . Therefore 
we see that the resolution of the U{1) problem is intimately related to the existence 
of a non vanishing axial anomaly. 

A numerical comparison of the spectrum predicted by the mass formula given 
in eq. ( [4.24| ) with the experimental values of the pseudoscalar masses has been done 
in Ref. p6[ in the case of three fiavours. In the limit where /ii,yU.2 << /^s one gets 
the following masses for the rj and t]': 

3 , 1 



= + -a ± -\J{2Ml - 2ml " a)^ + (4-26) 
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and the following mixing angle: 



2 2 



defined by the relation 

|?7 >= cos0|8 > +sin0|l > (4.28) 

From eg. ( [4.26|) we can use the masses of 7] and r]' to determine the parameter a. 
We get a ~ 0.24(Gel/)^. Using this value for a and neglecting the square term in 



the square root in eq. (f4.26|) one gets: 



~ + ^ = 0.27(GeV^)' (4.29) 

and 



mj, ~ + ^ ^^^ a = 0.95(Ge\/)' (4.30) 

that are very close to the experimental values given respectively by 0.30 (GeK)^ and 
0.92(Gey)^. One gets also = 14" that is very close to the experimental value 
= 11°. The phenomenological Lagrangian that we have used give values for the 
masses that are in good agreement with the experimental ones. The resolution of 
the U{1) problem implies that the parameter a must be different from zero. It can 
be computed in pure Yang-Mills theory by computing the following correlator: 

Xt = -ij A < q{x)q{y) >y.m= \aF^ (4.31) 

that in the literature is known as the topological susceptibility. From the value of a 
obtained from the spectrum of pseudoscalar mesons we get the following value for 
the topological susceptibility: 

Xt = {ISOMeVy (4.32) 

Lattice calculation have confirmed this result pT| . 

At the end of this section we want to discuss the 6 dependence that follows from 
the effective Lagrangian in eq.( |4.18| ). We start noticing that, if we consider the 



Lagrangian in eq. ( [4.9|) , we neglect the terms that come from the fermions and that 
therefore depend on U and we add a source term {—iJq), we have a Lagrangian 
that has precisely the same structure as the corresponding one for the CP^~^ model 
given in eq. ( ^.22| ). This means that also in this case we get 

Z( J, 9) = e-*^(^'^) = e-»^-'(^+'''^)'/4 (4.33) 

From it we can compute the vacuum energy: 

E{e) = w{o,e) = ^e^ (4.34) 
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and of course the topological susceptibility given in eq.( [4.31| ). Using eq.( ^4.25| ) we 
can recast eq.( [4.34| ) in the form: 



Mi 



2Nf (pE{e) 



\e=o 



(4.35) 



that is the famous Witten's relation [p5[ 



The dependence on the 9 parameter for the various physical quantities is ob- 
tained by solving eqs.( |4.l3| ) that minimize the vacuum energy in eq.( |4.12| ). They 
cannot be solved in general analytically. They imply that physics is periodic in 6 
with period equal to 27r. In fact, if (pi = 4>f'\0, Hi, a) is a solution of eq. ( |4.13| ), then, 



for 9^9 + 271, the solution can be taken for instance to be of the following form: 



27r) 



27T 



(t)i{9 + 27r) = 0, i^l 



with no effect on the physics because the physical quantities depend on e^*'^*. 
means in particular that the vacuum energy must be a periodic function of 9 

E{9 + 2tt) =E{9) 



(4.36) 
This 

(4.37) 



However this does not necessarily mean a 27r periodicity of each solution of eq. ( [4.131 ). 
In general one needs to shift from a solution to another at some particular value of 
9 (typically at ^ = ±7r) in order to keep the minimum energy. This can be seen very 
clearly for instance in the case of two flavours with /ii = /i2 = /U for a >> /i where 
from eq.( [4.13 ) one finds 9 = 2(j). Inserting it in the vacuum energy in eq.( [4.12 ) one 
gets 



E{9) = -F'^f,'- 



'1 + cos 6* 



(4.38) 



This shows that at ^ = vr we shift from a solution to another solution in order to 
minimize the energy. Because of this the vacuum energy is periodic with period 27i 
and not Airll 

Let us consider now the case of one flavour and assume instead that the quantity 
X = a/ fi"^ is very small. In this limit eq. (|4.13| ) can be solved as a power expansion 



in X and we get |25|: 



2Trk + x{9 - 2nk) + 0{2nkxy 



(4.39) 



where k is an integer such that {2nkxy is small. But since a ~ 1/N for large 
more and more values of k are allowed. For very large N the number of allowed 
values of k is proportional to A^. For each value of 9 only one value of k is the true 
vacuum, the others correspond to metastable states. If we insert the solution given 
in eq.( [4.39|) in eq. ([4.12|) we get for small x: 



m 



aF- 



^Mink{9 -2nky 



(4.40) 
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For —71 < 6 < 71, k = corresponds to the true vacuum, but for > vr then the 
value k = 1 corresponds to the true vacuum and so on. Extracting a N"^ factor 
required by large counting we can rewrite eg. ( |4.40 ) as follows: 



E{9) = N' 



'e-27Tk' 
N 



(4.41) 



In conclusion we have found that the vacuum energy must be a periodic function 
of 9 (see eg. ( [4.37| )) and at the same time must be of the form: 



X 



E{9) = N'^CF{{9 - 27Tk) /N) F{x) 
This is only possible if we get a multibranched solution of eq.( [4.13|) . 



(4.42) 



5 Anti De Sitter space 



In this section we give some detail about anti De Sitter space m. D = n + l dimen- 
sions. De Sitter or anti De Sitter spaces correspond to solutions of the pure gravity 
eguations in presence of a cosmological term. The action of pure gravity with a 
cosmological term is given by 



S = -s-^ [ d^x^HR + A) (5.1) 



The factor s in front of the action is s = 1 if we work with a Minkowski metric with 
mostly minus or with a euclidean metric, while s = — 1 in the case of a Minkowski 
metric with mostly plus. From the previous action we can immediately derive the 
following eg. of motion: 

R/^u - ^9tiuR = ^^9t^u (5.2) 
that implies that the scalar curvature is a constant: 

R = R^, = ^^g,u (5.3) 

De Sitter space corresponds to the case A < 0, while anti De Sitter space corresponds 
to the opposite case (A > 0). 

AdSn+i can be easily represented by embedding it in a flat (n + 2)-dimensional 
space. Let me call y'^ = (y°, y^, . . . y", y"^^) the coordinates of the embedding space 
with diagonal metric egual to rjat = (+1, —1, ... — 1, +1). Then AdSn+i can be 
shown to be the locus characterized by the following eguation: 

n 

y' = yl + yl^^-T.y' = b' (5.4) 

i=l 
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where 6 is a constant anti De Sitter radius. It can be shown that the previous eq. 
imphes the two eqs. in eq. (|5.3|) provided that we make the following identification: 

(5.5) 

Another way of representing AdSn+i is through the stereographic projection: 

y' = PY^2 y =Pl^2 /^ = l,...n + l (5.6) 

where = (x^)^ + . . . + (x")^ — (x"""*"^)^. According to the previous transformation 
we can use the variables p and x'^ instead of and to represent the embedding 
space. Starting from the flat metric in the embedding space: 

ds' = {dy'f + {dy^+'f - d{yf (5.7) 

one can rewrite it by using the relations in eq.( |5.6|) and one gets 



ds^ = dp'- . ^^\,A dxf (5.^ 
1 — x^ r 



For flxed p = b v/e get the metric of AdSn+i- 



_ 



where the metric 77'^'^ is with mostly plus. 

Another parametrization of AdSn+i is the one that appears in the near horizon 
limit of a D 3-brane. If we work in Minkowski space we can introduce the variables 

u = y^ + iy''+^ v = y°~ iy^'^^ (5.10) 

while in euclidean space, corresponding to changing the sign in front of the term 
we can introduce the alternative variables: 

u = + v = y^- ?/"+^ (5.11) 

In both cases one can rewrite eq.( p.4D as follows: 

= uv-f = 6^ (5.12) 

Introducing the new variables 6 = y'^/u for a = l,...,n and inserting it in 
eq.( |5.12|) we can extract f as a function of ^ and u: 

y = b^fi'u + ^) (5.13) 
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Then from the flat embedding metric in eq.( [5.7| ) written in terms of the variables 
u and V we get: 



du 



2 



(dsY = y'{^ + u^d^] (5.14) 



after having used the following equations: 

dv = 26^^- d^u + b'^^udu -du dy = bud^ + b^du (5.15) 

Anti De Sitter space has a boundary that is obtained by rescaling the variables: 

y° i?^" u-^ Ru w° ^ Rv (5.16) 

with > and by taking R oo. In this way we get that the boundary is the 
manifold satisfying the eq. 

uv-f = (5.17) 
But since tR is as good as R the boundary will be described by the two equations: 

uv — -jf = {u,v,y) (tu,tv,ty) (5.18) 

with t > 0. We can drop the second condition by just choosing t in such a way that 

f = l = uv = y^Q+yl^^ (5.19) 

This means that the boundary has the topology of x S*""^, that is the same 
topology of compactified Minkowski space with euclidean compactified time. The 
usual Minkowski space is recovered when we uncompactify the two spheres. 

In the last part of this section we introduce additional parametrizations of AdS 
space. The first one is obtained by introducing the coordinates {z,x) = (1/m,^). In 
these coordinates the AdS metric in eq. (|5.14| ) becomes 

ds' = b^ dz'Y"^' (5.20) 

The second one corresponds to the cylinder coordinates defined by the following 
eqs.: 

Vn+i = b cosh p cos T ; yo = b cosh p sin r 

yi = fosinh pcj (5.21) 

where Cj stands for a unit vector in n dimensions. In terms of the previous variables 
one gets the following metric for AdSn+i- 

ds^ = - cosh^ pdr"^ + dp^ + sinh^ pdVtl_^ (5.22) 

in Minkowski space and 

ds^ = dp^ + si-nh^ pd^l (5.23) 
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in euclidean space where instead the variables used in the previous equation are 
defined by 

yo = bcoshp , ?/j = 6sinhpej i = l,...n + l (5.24) 

in terms of the embedding space coordinates. The cavity coordinates r and r are 
instead obtained from the ones in eq. (|5.2CI| ) through the following relations: 

z = p cos 9 ; Xi 

where 



P 



cos 9 



p sm ue 
l-r2 



1 +r2 

In terms of those coordinates the metric of AdSn+i becomes: 



Ah" 



1 — r 



2^2 



dr^ + r^dVt: 



n-l 



(5.25) 
(5.26) 

(5.27) 



An interesting property of AdS space is that a light ray can reach its boundary in 
finite time. In fact from the metric in eq. ( ^.27|) a light ray is characterized by the 
eq. 



dr 
dr 



1 + 



(5.28) 



Integrating the previous equation from the points (r = 0, r = 0) and (r = 1,T) 
corresponding respectively to the center of AdS space at r = and its boundary 
at r = T we get: 

T = 2 T— ^ = vr/2 (5.29) 

This means that a light ray starting from the center of AdS space reaches its 
boundary and comes back to the center in a time interval equal to vr. 



6 Af = 4: super Yang-Mills and type IIB string 

In this section we review the main properties of both A/" = 4 super Yang-Mills 
theory and the type IIB string. 

In order to derive the Lagrangian of TV = 4 super Yang-Mills it is convenient 
to start from A/" = 1 super Yang-Mills in ten dimensions and then dimensionally 
reduce it to four dimensions. If we do this we obtain the following Lagrangian for 
J\f = 4 super Yang-Mills: 

^ = -\f^,.f'^'^-^ + i ^ {D,A,r [D^A^r [d^b^t {o^B^r - ^(a, b,)+ 
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- (jpyr {D.i^T - ^r'^rcy'A'w - t^r'^rP'i^B'^r (e.i) 

where the potential is equal to: 

(6.2) 

It contains a gluon field, four Majorana spinors and six real scalars. They all 
transform according to the adjoint representation of the gauge group. The four- 
dimensional internal matrices a and (3 satisfy the following algebra: 

{a\ a^} = {(3\ (3^} = -26'^ [a\ (3^] = (6.3) 

and 

[a\a^] = ~2t''^a^ [j3\l3^] = -2e'^^j3^ (6.4) 

They can be chosen to be given by: 

and 

= V\b = SiaSbA: - 5iB5A4: - f^iABi (6.6) 

where A, B are four-dimensional indices and g = Qym- 

Af = 4 super Yang-Mills is invariant under an internal SU (4) symmetry group 
that is an R-symmetry. In order to manifestly see this invariance it is convenient 
to introduce the field: 



1 



AB 



2V2 

satisfying the condition: 



r]\BAi - fi\BBi (6.7) 



= ^6^^^^$CD = ^\b (6.8) 

This antisymmetric field transforms according to the vector 6 representation of 
5*0(6) that has the same algebra as SU (4). By rewriting the Lagrangian in eq.( |6.1| ) 
in terms of $ and in terms of the Weyl spinors, that transform according to the 4 
representation of S'f/(4), one gets 

L = -\F^,.Fr + iD,^AB)aiD'^<^^X - ira^<AD,rA)a + 
_ g2jabc^AB^CDjade^d^^^e^^ _ g^jabc [^"A^^^^cB ^ ^^^^^B ^a^-^ (g g) 

It is manifestly invariant under the SU (4) R-symmetry transformations: 

U^ i^a i'aA - (f/*)/^^B (6.10) 

^This form of the Lagrangian has been written together with F. Fucito and G. Travaghni. 
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and 

where ?7 is a unitary matrix (f/[/^ = 1). 

Lagrangian in eq.( |6.lD can also be written in the M = 1 superfield formahsm. 
One must introduce three chiral superfields $i and one obtains the following La- 
grangian: 



+ 



d'^eV2gP^^^l^\^l + h.c. 



(6.12) 



A/" = 4 super Yang-Mills has no trace anomaly in the sense that the trace of the 
energy-momentum tensor is zero also in the full quantum theory. It is a finite 
quantum field theory. As we have seen above it is also invariant under a SU{A) 
R-invariance. This symmetry is not manifest in the formulation with M = 1 super- 
fields. Only a S't/(3) x U{1) symmetry is manifest in this formulation. The S'f/(3) 
corresponds to a SU{?>) rotation of the three superfields $i, while the U{\) acts on 
the four superfields as: 

^i{e) e*2a/3^^(^g-»a) p^^(^) ^ e*"W^„(^e-^°) (6.13) 

According to the previous eqs. the fermions of the three superfields <I>j have chiral 
weight equal to —1/3, while the fermion of the superfield Wa has chiral weight equal 
to 1. This means that the sum of their chiral weights is vanishing implying that 
A/" = 4 super Yang- Mills has no U{1) axial anomaly. Finally the action in eq. ( |6.1| ) 
is also invariant under conformal supersymmetry transformations. They can be 
obtained by dimensionally reducing the M = 1 supersymmetry transformations 
in ten dimensions. Since the spinor in ten dimensions is a Weyl-Majorana spinor 
the ten-dimensional theory is invariant under 16 supersymmetries. On the other 
hand the four-dimensional quantum theory is conformal invariant and therefore it 
is also invariant under the same supersymmetry transformations as before, but with 
a supersymmetry parameter a = •y^x'^P that is space-time dependent, while P is 
space-time independent. They correspond to additional 16 supersymmetries and 
therefore we conclude that A/" = 4 super Yang-Mills in four dimensions is invariant 
under 32 supersymmetries. 

Finally there is a very strong evidence that A/" = 4 super Yang-Mills is invariant 
under SL{2, Z) transformations that act on the complex coupling constant r defined 
in terms of the gauge coupling constant and the 6'-parameter as: 

, ar + b 6 Ait , , 

T ^t' = — —- r = — + 6.14) 

CT + d 2n gpj^f 

where a,b,c and d are integers satisfying the condition ad — be = 1. For ^ = 



the transformation in eq.( |6.14|) relates weak with strong coupling. The invariance 
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under SL{2, Z) is a precise way of stating that this theory satisfies the Montonen- 
Ohve [^] duahty in the sense that it can be equivalently formulated as a theory 
of fundamental IV-mesons having magnetic monopoles as solitons or as a theory 
of fundamental magnetic monopoles with the ly-mesons appearing as solitons, the 
two formulations having essentially the same Lagrangian. 

Type IIB string is a theory of closed superstrings involving both right and left 
movers. The right and left spinors in the R sector have the same chirality. There- 
fore it is a chiral theory with no gauge and gravitational anomalies. It is a A/" = 2 
supersymmetric theory in ten dimensions; this means that it contains 32 super- 
symmetry charges. These supersymmetries are kept also when one compactifies it 
on the background AdS^ x S^. In the massless bosonic sector the ten dimensional 
theory contains a graviton g^^, a dilaton 0, an axion field two 2- form potentials 
Bj^J and B^J and a 4-form potential A^j^pg. with self-dual field strenght, while the 
massless fermionic sector consists of two gravitinos and two dilatinos having both 
the same chirality. If we forget for a moment the R-R self-dual 5-form field the 
low-energy effective Lagrangian for type IIB theory has the following form: 



SiiB = A / d'^xy^ \r + IrridMdM-^) - ^H^MH 



(6.15) 



where we have combined the field strenghts H^^\ corresponding to the NS-NS po- 
tential, and H^'^\ corresponding to the R-R potential, in a two-component vector 
H = dB and the two scalar fields in the symmetric SL{2, R) matrix: 



-M = ''^ ^ j (6.16) 

with 

X = X + ie-'^ (6.17) 
This action is manifestly invariant under the global SL{2, R) transformation: 

M ^ AMA^ H ^ {A'^y'H A = ( M (6.18) 



The metric in the Einstein frame and the 4-form potential are left invariant by the 
SL{2, R) transformation. In terms of the matrix A previously defined we get that 

cX + d ^ ^ 

In particular the transformation on the matrix Ai given in eq.( |6.18|) implies that 
the quantity A defined in eq.( |6.17 ) transforms exactly as r in eq.( |6.14|) . Although 



the low-energy Lagrangian is invariant under a SL{2,R) symmetry it can be seen 
that it reduces to an SL{2, Z) symmetry in the quantum theory in order to have 
the Dirac quantization condition satisfied. 

In conclusion we have seen that both A/" = 4 super Yang-Mills and type IIB 
string theory compactified on AdS^ ® have the same symmetries. 
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7 The Maldacena conjecture 



In the introduction we have seen how a system of D 3-branes is, on the one 
hand, a classical solution of the supergravity equations of motion containing the 
metric, the dilaton and the self-dual 5-form field strenght and, on the other hand, 
is described by the Born-Infeld action that at low energy reduces to the Yang- 
Mills action in eg. ( |1.10| ) with gauge group U{N) or more precisely to its A/" = 4 



super symmetric extension. But is it possible to find a more precise connection or 
even an equivalence between the world volume Af = 4 supersymmetric Yang-Mills 
theory and supergravity or better superstring that is a consistent quantum theory? 



The key to answer this question came from comparing |3^ the low energy 
absorption cross sections of massless bulk fields as graviton and dilaton computed 
either by using the supergravity classical solution or the Born-Infeld action. To great 



surprise it was found that the two calculations exactly agree [|33| , p^ . Moreover, if 
one studies the range of validity of the two previous calculations, it clearly appears 
that the one based on supergravity is expected to give an exact information on 



Af = 4 super Yang-Mills theory for large 't Hooft coupling (A — > oo) p3 



These properties of a system of D 3-branes together with the observation |^ 
that it is the region around the throat of metric of the D 3-branes that is the 
fundamental one to connect the supergravity solution with A/" = 4 super Yang- 
Mills, brought Maldacena to conjecture that A/" = 4 super Yang-Mills should be 
somehow equivalent to type IIB string theory compactified on AdS^ x that is in 
fact the metric in the throat region. In the following we will briefly sketch the main 
lines of his argumentation. 

Let us consider the low-energy limit of the Born-Infeld action for a system of 
D 3-branes and of the bulk supergravity action. Since it amounts to take the limit 
a' — * with both Qs and N fixed, in this limit we obtain the action of A/" = 4 super 
Yang-Mills, that we have discussed in sect. ^ and that is the low-energy limit of the 
Born-Infeld action together with free gravitons. This is a consequence of the fact 
that both the interaction between bulk fields as for instance the graviton and that 
between bulk fields and those living on the brane as the Yang-Mills fields, being 
proportional to the Newton's constant k ~ (a')^, go to zero when a' — > 0. 



On the other hand if we look at the classical solution in eqs. (|1.5|) , ( |1.6|) and (|1.7|) 
we see that it interpolates between fiat ten-dimensional Minkowski metric obtained 
for r —>■ oo and a metric with a long throat obtained in the limit r —>■ 0. In particular 
for p = 3 the metric is non singular when r — > and in this limit becomes that of 
AdS^ X S^. More precisely this can be seen by taking the near-horizon limit of a 
system of D 3-branes defined by 

r^O a ^0 U=^ = fixed (7.1) 

where the Regge slope is taken to zero, while U is kept fixed. In this limit we can 
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neglect the factor 1 in the function H in eg. ( p. .71 ) and the metric in eq.( |1.5| ) becomes: 



This is the metric of the manifold AdS^ x 5*^ where the two radii of AdS^ and 
are equal and given by: 



Kds, = Rk = & = c^W^^Ng, (7.3) 
that, using the relation = 4vr(?s following from eq. (|1.10|) for p = 3, implies: 

62 



^, V (7.4) 

If we have sufficiently soft gravitons (i.e. gravitons with wave lenght much bigger 
than the radius of the throat b) outside the throat they cannot interact with the 
excitations far down in the throat as it is confirmed by the fact that their absorption 
cross-section is vanishing at low energy. On the other hand a string excitation far 
down inside the the throat, although its proper energy (the energy measured in the 
reference frame instantaneously at rest at r) diverges at low energy {a' 0), being 
proportional to ~ 1/ -\/c7, is not negligible because its energy measured in the 
frame of reference where the time is the one appearing in the first term of the r.h.s. 
of eq. ([7.2|) is given by: 

Et ~ -Ep = = U (7.5) 

b bV^ a' ^ ' 

that is kept fixed in the limit a' ^ 0. Therefore from the point of view of the 
classical solution we are left with free gravitons and all the string excitations living 
far down inside the throat that are described by type IIB string theory compactified 
on AdS^ X . By comparing this result with the one obtained from the Born-Infeld 
action Maldacena has formulated the conjecture that Af = 4 super Yang-Mills is 
equivalent to type IIB string theory compactified on AdS^ x 5*^. The precise relation 
between the parameters of the gauge and string theory is given in eq.( |7.3| ), where 
is equal to the number of colours in the gauge theory and to the fiux of the 5-form 
field strenght in the supergravity solution. Since the classical solution in eq. (|7.2| ) is 
a good approximation when the radii of AdS^ and 5*^ are very big 

^ » 1 ^ Ngl^j,, = A » 1 , (7.6) 
a' 

in the strong coupling limit of the gauge theory we can restrict ourselves to the 
type IIB supergravity compactified on AdS^ ® S^. 

In conclusion, according to the Maldacena conjecture, classical supergravity is a 
good approximation if A >> 1, while in the 't Hooft limit in which A is kept fixed for 
N ^ oo classical string theory is a good approximation for A/" = 4 super Yang-Mills. 
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In the 't Hooft limit in fact string loop corrections are negligible (qs << 1) as it 
follows from the equation: A = AnggN for A fixed and N ^ oo. Finally Yang-Mills 
perturbation theory is a good approximation when A << 1. 

The strongest evidence for the validity of the Maldacena conjecture comes from 
the fact that both A/" = 4 super Yang-Mills and type IIB string compactified on 
AdS^ (g) have the same symmetries. They are, in fact, both invariant under 32 
supersymmetries, under the conformal group 0(4,2), corresponding to the isome- 
tries of AdS^, under the i?-symmetry group S'f/(4), corresponding to the isometries 
of and under the Montonen-Olive duality based on the group SL{2, Z). 

If the Maldacena conjecture is true, as as it seems to be implied by the many 
positive checks of its validity, then this is the first time that a string theory is 
recognized to come out from a gauge theory. In particular it is important to stress 
that this does not contradict the fact mentioned earlier that a string theory contains 
gravity while the gauge theory does not, because in this case the two theories live in 
different spaces: IIB string theory hves on AdS^^S^, while J\f = 4 super Yang-Mills 
lives on the boundary of AdS^ that is our four-dimensional Minkowski space. The 



equivalence between the two previous theories realizes the holographic idea p5| , pq] 
that a quantum theory of gravity is supposed to satisfy. A new puzzle, however, 
arises in this case because we usually connect a string theory with a confining gauge 
theory, while instead J\f = 4 super Yang-Mills is a conformal invariant theory and 
therefore is in the Coulomb and not in the confining phase. The fact that A/" = 4 
super Yang-Mills is in a Coulomb phase is confirmed by the calculation of the Wilson 
loop where a Coulomb potential between two test charges is found P7|. 



If two theories, as the type IIB string theory compactified on AdS^ (S> and 
A/" = 4 super Yang-Mills theory, are equivalent then it must be possible to specify for 
each field Q{x) of the boundary Minkowski theory the corresponding field of 
the bulk string theory and to show that, when we compute corresponding correlators 
in the two theories, we get the same result. In particular, in the boundary theory 
one can easily compute the generating functional for correlators involving Q{x) 

Z($o) =< e/'^''^*«(^)^(^') > (7.7) 

By taking derivatives with respect to the arbitrary source ^o{x) one can compute 
any correlator involving the boundary field Q{x). In Refs. p9| , ^ the recipy for 
computing ^($0) in the bulk theory has been given. First of all one must identify 
^o{x) with the boundary value of the field $(?/), which lives in the bulk theory 
and that corresponds to the composite Q{x) of the boundary theory. Then the 
generating functional given in eq.( [7.7[ ) can just be obtained by performing in the 
bulk theory the functional integral over $ with the restriction that its boundary 
value be $0: 

Z($o) = / e-^[*] (7.8) 

In computing the previous functional integral we can use classical supergravity in 
the regime where A >> 1. Otherwise for an arbitrary value of fixed A for N ^ 00 
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we need to compute the tree diagrams of type IIB string theory compactified on 
AdS5 ® S^. 

A number of bulk fields has been identified to correspond to the various gauge 
invariant composite fields of A/" = 4 super Yang-Mills. We do not discuss this cor- 
respondence in detail here. In the following we will just describe in some detail the 
correspondence between the dilaton field of type IIB supergravity and the compos- 
ite given by the Yang-Mills Lagrangian = ^r^^^'^/^'^ showing that the two-point 
functions that one obtains from both eqs.( |7.7| ) and ( |7.8| ) are coincident ^ |. 

Since J\f = 4 super Yang-Mills theory with gauge group SU (N) is a conformal 
invariant quantum theory and the composite field F"^ has dimension 4 the two-point 
function involving two F"^ fields must have the following form: 



< F^(x)FHz) >r 



Ar2 



(X — z) 



(7.9) 



apart from an overall constant that we do not care to compute. The previous 
correlator can also be obtained by using the lowest order perturbation theory in 
TV = 4 super Yang-Mills, x denotes here a Minkowski four- vector. 

In the bulk theory we only need the dilaton kinetic term in type IIB supergravity 
in D = 10 compactified on AdS^® . Taking into account that the volume of is 
equal to n^b^, where b is given in eq. (|7.3| ), we need to consider the following action: 



S 



TT' 



4fi:2 



10 



(7.10) 



2-5^;/ is the metric of AdS^ in the so-called Poincare coordinates 



where g^^ = g 

given in eq.( |5.20|) . In the limit A >> 1, where classical supergravity is a good 
approximation, we just need to solve the dilaton eq. of motion given by: 



(7.11) 



The solution of the previous equation, that is equal to $o on the boundary (corre- 
sponding to the limit z — > 0), can be given in terms of the Green's function: 

^{z,x) = J d^x K{z,x;y) %{z) ; K{z,x;y) ^ ^ (f -^)2]4 ^'''^^^ 

Inserting the solution found in eq.( [7.12| ) in the classical action we get that the 
contribution to the classical action is entirely due to the boundary term 



S 



7T" 



d'^xz ^$9n$l 



4/cfo 



d^x / d^y 



<l>o(f)$o(y) 



(7.13) 



(x - y)8 

where we have introduced a cut off e at the lower limit of integration, that, however, 
cancels out after having inserted eq. (|7. 12| ) in eq. (|7. 13|) . In conclusion in the classical 
approximation (A >> 1) we get 



Z{%) = exp 



IT' 



4k2 



10 



d X 



^^^, %{x)%{x') 
(x — x'Y 



(7.14) 
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Taking into account eq.(|7.3|) and that 2kIq = (27r) ''(/^(a')^, from the previous equa- 
tion we can get immediately the two-point function: 

< F\x)F\z) >= Jl^.,f'\., - 7^ (7.15) 



that agrees with the expression given in eq.(|7.9|). Notice, however, that the super- 



gravity approximation is in general only valid for large values of A (see eq. (|7.6|) ), 
while the previous example shows that it seems to be valid for any value of A. This 
is, of course, a consequence of the conformal invariance of A/" = 4 super Yang-Mills 
that requires the vanishing of the contribution to the two-point function of all string 
corrections to the supergravity action. The same result is also true if one computes 
the three point function involving F"^ or the two and three-point functions involv- 
ing the energy-momentum tensor. Actually, using the value of kiq given just after 
eq. (|7.14|) together with eq. (|7.3|) , it is easy to see that the factor in front of the 
Einstein action or of the dilaton kinetic term is proportional to A^^ and does not 
depend on the gauge coupling constant gvM- This means that the pure supergrav- 
ity approximation will never give a dependence of the correlators of gauge theory 
on the gauge coupling constant. In order to obtain the dependence on the gauge 
coupling constant we need to add string corrections. Let us restrict ourselves to 
the pure gravity part of type IIB supergravity. The action with the first string 
correction containing only the metric is given by: 



ZKiq 



(7.16) 



where 



3/2 

/(^' ^) = E \ ^1 13 ' r = X + le-'^ . (7.17) 

(n,m) I I 

The prime indicates that the term (n, m) = (0, 0) is excluded from the sum, T2 = 
IrriT and and x ^-^'s respectively the dilaton and the R-R scalar of type IIB 
string. The function / that is invariant under the SL{2, Z) transformation 
r — > (ar -|- b)/{cT + d), can be expanded for small values of = Qs getting 

e-^/V(r,r) = 2C(3)e-2^ + ^+ 

+ {AT^f/^-^'^ J2 ZmM^/'' [e^-^*^" + e^'^*^^] (1 + e^M) (7.18) 

M>0 

The first term in the r.h.s. of the previous equation comes from the tree string 
diagrams, the second from one-loop string corrections, while the rest is the contri- 
bution of D instantons. If one now uses the action in eq.( [7.16| ) to compute the two 
and three-point function for the energy-momentum tensor of A/" = 4 super Yang- 
Mills one finds that the extra term gives no contribution, because it identically 
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vanishes when we compute it in the background AdS^ ® 5"^. But instead it 



gives a non trivial contribution to the four-point amplitude. In particular, since 
the four-point amplitude will include the function /, and since in the AdS/CFT 
correspondence the Yang-Mills coupling constant is related to the string coupling 
constant through the relation: = ^t^Qs we immediately see from eq. ( |7.18| ) that 
the D instanton contribution becomes the usual instanton contribution in Yang- 
Mills theory [^. This result is confirmed by explicit calculations in A/" = 4 super 



Yang-Mills A quick way of fixing the dependence on and on the gauge cou- 
pling constant of the two terms present in the action in eq. ( [7.16|) is by remembering 
that under a rescaling of the metric by IP' we get the following relations: 

g^..^h^g^u ; Va^b^'Va (7-19) 

and 

R^b-^R ; R^^h-^R"" (7.20) 

By the previous rescalings (where we have also taken into account that the inte- 
gration over the sphere gives an extra factor 5^) we get that the coefficient of 
the Einstein term in eq.( [7.16D is proportional to A^^ as previously found, while the 



coefficient of the first string correction in eq. ( [7.16|) is proportional to N'^^NgyM) '^^"^ 



that depends explicitly on the gauge coupling constant. 

We have seen that in the equivalence between AA = 4 super Yang-Mills and type 
JIB string theory compactified on AdS^ x the Yang-Mills action F"^ that has 
conformal dimension equal to 4 corresponds to the massless dilaton. In Ref. |^0[ it 



has been shown that a massive scalar field with mass equal to m corresponds in the 
conformal field theory to a composite operator with dimension A equal to 



A = 2 + V4 + 62^2 (7.21) 



Here we will not derive this result whose derivation can be found in Ref. |4y], but 
we will only derive eq.( [7.21|) in the limit of very large h m. Let us consider a scalar 
field $ of the bulk theory with mass m that corresponds to a composite field F{x) 
of the boundary theory with conformal dimension A. The two-point function in 
the boundary theory is fixed apart from an overall normalization by the conformal 
invariance of the theory. This means that: 

<F{x)F{y) >~ p-y|;i]-2A (7.22) 

where we have made the composite F{x) dimensionless by multiplying it with a 
factor yU~^ (/i is a parameter with dimension of a mass). On the other hand the 
previous two-point function of the boundary theory is also equal to the two-point 
function of the bulk theory involving the corresponding field $: 

< F{x)F{y) > ~ < <l>(f)$(y) > (7.23) 

if the two points x and y are on the boundary of AdS space, i.e. in Minkowski four- 
dimensional space. But the propagator of a free particle with mass m in the bulk 
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theory for m very large is given by the particle action computed along a geodesic 
that connects the two points x and y. The action describing a particle moving in 
AdS space is given by: 

■ (7.24) 



S = m ^ g^ijdx^^dx^ 



Choosing for the AdS metric the one given in eg. ( p.2U| ) and the two points of the 
boundary to be at a; = ±a we get: 



f'^ dx 
b = mo / — ^ 



a Z \ 



\ dX ; 



(7.25) 



The geodesic satisfies the equation: 

/ dz^ 
\ dx 



(7.26) 



where zq is the minimum value taken by z. It is easy to see that the previous eq. 
defines a circle with center on the boundary at x = and with radius zo = a, that 
connects the two points on the boundary at x = ±a. When we insert the geodesic 
solution in the original action we get: 



S = 2mb 



20 dz 



1 



20 



(7.27) 



where we have introduced an infrared cutoff e in the bulk theory. By performing 
the integral in the limit of small e we get: 



-2mb 



From eqs.( [7.22| ), ( [7.23| ) and ( |7.28| ) we get for large values of the mass m: 

A ~ mh 



(7.28) 



(7.29) 



that agrees with eq.( [7.21| ) for 6m >> 1. In addition by comparing eqs.( 7.22 ) and 
( [7. 281 ) we can see that the infrared cutoff e of the bulk theory corresponds to an 
ultraviolet cutoff /i = 1 /e of the boundary theory [04 . 



8 Finite temperature J\f = A super Yang-Mills 

In the previous section we have briefly seen how the Maldacena conjecture provides 
for the first time a very strong evidence for the appearence of a string theory in a 
non-perturbative gauge theory precisely realizing the ideas reviewed in sect. |] on 
the large N expansion in QCD and without running into the problem that a string 
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theory contains gravity while the gauge theory does not. On the other hand we 
are immediately confronted with a new puzzle because A/" = 4 super Yang-Mills 
is in the Coulomb phase and therefore the emergence of a string has nothing to 
do with the confining properties of the theory. In order to get a confining theory 
we have to get rid of the conformal invariance of the theory. The simplest way for 
doing so is by considering A/" = 4 super Yang-Mills at finite temperature. But, since 
bosons have periodic and fermions anti-periodic boundary conditions, in going to 
finite temperature, we also break supersymmetry. Therefore at high temperature we 
expect to reduce ourselves to a non-supersymmetric gauge theory that is presumably 
in the same universality class as pure Yang-Mills theory in three dimensions and 
that is confining. 

In the previous section we have seen that TV = 4 super Yang-Mills at zero 
temperature is related to AdS^ and it is therefore natural to expect that A/" = 4 super 
Yang-Mills at finite temperature is related to the finite temperature version of AdS^, 
discussed in Ref. 0. We will see that at finite temperature we need to consider, at 
least for very large 't Hooft coupling where supergravity is a good approximation, 
two classical solutions of the supergravity equations: the first one is AdS^ that we 
had also at zero temperature and that is dominating at low temperature, while the 
second one is the AdS^ black hole that is instead dominating at high temperature. 
The high temperature case is the most interesting one because in this case we get 
confinement and a mass gap. 

In section ^ we have seen that anti De Sitter space in euclidean uncompactified 
space is described by eg. ( p. 121 ). We now want to compactify the coordinate v. Let 



us restrict ourselves to AdS^_^_i where both u,v > 0. The manifold in eq.( ^.12|) is 



invariant under the action of a group that we call Z and that acts on the coordinates 
as follows: 

u^X-^u v^Xv y^^y" (8.1) 

We can construct a compactified version of AdS^^i by modding out the action of 
the group Z. In this way one gets the manifold Xi = AdS^+i/Z. The fundamental 
domain for the action of Z on f is the interval 1 < | < A. Therefore v parametrizes 
a circle with natural coordinate 

- = A^/^TT 0<e<2TT (8.2) 

b 

The independent variables describing this compactified version of anti De Sitter 
space can be taken to be v and y, while u is given in terms of them through 
eq. (|5.12|) . The manifold Xi spanned by {v,y) is then topologically equivalent to 



X K^. The boundary of Xi is instead topologically equivalent to x S"" ^. It 
is convenient to perform the change of variables: 

^=log^-^log(6^ + r^) ; r'^±yl (8.3) 

a=l 
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Then the metric of Xi becomes 



ids' 



1 + 



62 



+ 



dr'^ 



+ r'da 



n-l 



fe2 



The previous metric is a compactified version of a solution of the eq. of motion given 
in eq.( ^.2|) , that has, however, also another solution. This is the AdSn+i black hole 
whose metric is given by: 



{ds'^)x2 



df 



where 



w„M' 



r.n—2 



+ 



dr"^ 



1 _L ri _ 



WnM 



+ r'dVt 



n-l 



= Vol{S 



n-l\ 



{n - l)Vtn-l 

The horizon of the black hole corresponds to the largest root of the equation: 

../X WnM 



.5) 



(8.6) 



•7) 



X2 is topologically equivalent to x S"""^ where i?^ corresponds to the variables 
(r, t). Its boundary has the topology of S*^ x S"""^. In conclusion we have two 
solutions of the classical eq. ( p. 21 ): the manifold Xi corresponding to AdSn+i with 
a compactified coordinate having the topology of x i?" and the manifold X2 
corresponding to the anti De Sitter black hole having the topology of B? x S*"^^. 
Their boundary has in both cases the topology of x 5*"^^ that is also the topology 
of Minkowski space with compactified time and space. 

We now want to show that at the horizon of the black hole there is no singularity 
if t is a periodic variable with period equal to: 



/3o = 



T nrl + {n- 2)b^ 
This can be easily obtained by expanding the metric around the horizon 

dr'^ 



ids')x, = V'ir+)ir-r+)df + 
where 

V{r) = V'{r+){r -r+) + ... 
By introducing the new variables: 



+ . . . 



nri + {n — 2)lP' 



V'ir 



.62 



.10) 



2{r 



>l/2 



fS.lll 



43 



the metric in eq.( |8.9| ) becomes a two-dimensional flat metric in polar coordinates: 

{ds^)x2 = + z^de"^ (8.12) 

There is no singularity if the variable 9 is periodic with period equal to 2tt. Then 
eq. (|8.11|) implies that t must also be a periodic variable with period equal to (3q 
given in eq.(|8.8|). If we plot (3q as a function of r+ we see that /5o is vanishing for 



both r+ = and oo and has a maximum value equal to (Anb) / (J n{n — 2)) for 



r+ = by{n — 2)/n. This means that (3q cannot be arbitrarily large and therefore 
the temperature cannot be arbitrarily small. We will in fact see that this solution 
is relevant for high temperature, while the other solution Xi is relevant at low 
temperature. In order to see which one of the two solutions dominates we have to 
compute their classical euclidean action. In both cases it is equal to: 

Idass = o h2 (8.13) 

where Ki+i is a divergent volume. Therefore the classical action is inflnite in both 
cases. We compute their difference by regularizing each of the contributions with a 
radius R and by taking the two temperatures connected by the condition: 



/l + f/5o(A-0^/n-f- 1:^/30 (8.14) 

that relates the two periods in a coordinate invariant way. Therefore we have to 
compute: 

/2-/i = =^ / dt drr-'- dt drr--'\ (8.15) 

87rGArO^ [jo Jr+ Jo Jo J 

The previous integrals can be easily computed and in the limit of the cutoff R ^ oo 
we get a flnite result: 

If we interpret AJ as the free energy in statistical mechanics we get that the energy 

^.^.^|±.±(^,.H.M (8.17) 

d(3o dr+ d(3o Wn J 

is equal to the parameter M that corresponds to the mass of the black hole and 
that the entropy 

S = f3oE-AI = ^^^^-^ (8.18) 

is in complete agreement with the Beckenstein-Hawking expression for the entropy 
of a black hole given by the area of the horizon in (n — 1) dimensions divided by 
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AGn- In particular, if we consider the case n = 3 and we take the anti De Sitter 
radius 6 ^ oo we get the metric of the Schwarzschild black hole given by: 



(1 - 7)*' + 7T^ 



.19) 



where Vg = W3M = 2GnM is the Schwarzschild radius. 
For both Xi and X2 the radii of the boundary (r - 
X 5*"^^ are given by: 



00) with the topology of 



P 



2Tih 







27r6 



(8.20) 



Therefore in the decompactification limit in which the topology of x 5"^^ becomes 
that of X R^~^, i.e. the topology of Minkowski space with periodic euclidean time, 
we must take the high temperature limit ^ 0. This limit can be obtained for 
both —>■ and r+ ^ 00. We will see later on that actually the high temperature 
phase corresponds to the case —>■ 00 because this branch is dominant with respect 
to the other. In this limit corresponding also to the limit M — cxd, as one can see 
from eq.( p.l7|) , we get: 



KM62)Vn 



nr+ 



(8.21) 



When r_|_ ^ 00 (Af 00) it is convenient to introduce the new variables: 



t 



w„M 



In terms of them the metric in eq. (|8.5|) becomes: 



-l/n 



-T 



.22) 



ids' 



1x2 



P 



,n-2 



£1 
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+ P 



V ) 



dn 



n-1 



(8.23) 



Notice that, when M —>■ 00, the radius of 5"""^ becomes very large and the period 
of the variable r becomes equal to {4:7ib)/n. 

Both solutions Xi and X2 contribute to the partition function and correlators of 
the gauge theory that in our case is A/" = 4 super Yang-Mills at finite temperature. 
In general we have to sum over both of them: 



1 + e 



-AI 



-h 



1 + e 



AI 



(8.24) 



From eq.( ^.16|) we see that, when r+ is small, then AI > and therefore Xi 
dominates. This is the limit that describes the low temperature phase. When 
instead r+ — 00 from the same eq. we see that AI < and therefore the solution 
X2 is dominant at high temperature. One sees also that the branch at r_|_ ^ 00 
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is dominant with respect to the one r+ ^ because at r+ — > /2 = /i, while at 
r+ ^ oo /2 < h- 

Following the Maldacena conjecture we expect that J\f = 4 super Yang-Mills at 
high temperature and for large 't Hooft coupling (A oo) is described by the AdS:^ 
black hole. In order to check this let us compare the entropy of Af = 4 super Yang- 
Mills with that of AdS^ black hole [|^. The entropy of the AdS^ black hole can 
be obtained from eg. ( ^.181) for n = 4. By rewriting it in terms of the temperature 
related to r+ through eq. (|8.21|) (/3o = 1/^) introducing V3 = Q^b^ we get: 

Sbh = Y^sT'^^ (8-25) 

where we have used eq. (|7.3|) and the fact that the five-dimensional Newton constant 
is equal to WnCP = (2Ti)\a'Ygl/ {h^VL^) with fig = vr^. The factor h^VL^ is the 
volume of S^. 

The entropy of A/" = 4 super Yang-Mills can be easily computed at weak coupling 
where it can just be obtained by counting the bosonic and fermionic degrees of 
freedom. In fact by taking into account that M = 4 super Yang-Mills theory has 8 
bosonic and 8 fermionic massless degrees of freedom and that the entropy of each 
bosonic and fermionic degrees of freedom is given respectively by: 

27r^ 7 147?^ 

Sbos = -—rN'VsT' ■ Sfer = -Sbos = — — -iVVsT^ (8.26) 
15 ■ 3 8 15 ■ 3 ■ 8 

we get the following entropy at weak coupling 

Sym = ^iVVsT^ (8.27) 



It is equal to the entropy of the black hole in eq. ( |8.25| ) apart from a numerical factor 
(4/3). The mismatch between the two results can be easily explained from the fact 
that one is valid for strong coupling while the other one is valid in perturbation 
theory [^. In general we expect the following behaviour of the entropy with the 
Yang- Mills coupling constant |46[| : 

S{Ng'yM) = ^N'VsT'fiNg'y,,) (8.28) 

where f{x) is a smooth function that is equal to /(O) = 1 at weak coupling corre- 
sponding to X = and to /(oo) = 3/4 at strong coupling. The inclusion of the first 
string correction |^ gives: 

3 4^ 

fiNg^YM) = 4 + ^amg'YMN)-'/' (8.29) 



while a recent two-loop calculation shows that its perturbative expansion is: 

fiNg'y,,) = 1 - ^9'ymN (8.30) 
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These results show that the function / is not a constant and are consistent with 
/ being a monotonic function interpolating between 1 at Nqym = 3/4 at 

In the second part of this section we consider A/" = 4 super Yang-Mills at high 
temperature and we compute various physical quantities in this theory using its 
correspondence with IIB supergravity compactified on AdS^ x S^. As we have 
explained in Sect. supergravity is a good approximation to A/" = 4 super Yang- 
Mills in the strong coupling limit Nqym >> 1- In particular in the following we 
will show that, by computing the Wilson loop and finding that it is proportional 
to the area, this theory confines. We will then look at the glue ball mass spectrum 
and we will show that in the high temperature phase a mass gap is generated. 

For computing the Wilson loop it is convenient to use the following form of the 
black hole metric: 



[a 



/n2 



LP 

62 



X 



b^dU^ 



C/4 



+ h'^dnl 



where the variables used here are related to those used in eq. (|8.23|) for n 
equations: 

,Ut. h 
a—t p = —U 
b Ut 



T 



(8.31) 



4 by the 



(8.32) 



In eq.( ^.31|) we have also added the part of the metric corresponding to the sphere 
S^. The variable U is the same as the one defined in eq. ( [7.11 ). In these new variables 
the period of the periodic variable t is equal to: 



1 

f 



a'Ui 



(8.33) 



Following Refs. ^ the rectangular Wilson loop in the gauge theory can be 
approximated in the strong coupling limit by the value of the minimal Nambu- 
Goto string action. The string has the world sheet in anti De Sitter space ending 
on the rectangular Wilson loop. The string action in anti De Sitter space is given 

by: 

S = fdaf drJdetiGMNdaX^dpx^) (8.34) 

where Gmn is the metric in eq.( 8.31| ). The Wilson loop is along the variables Xi 
and X2 and we choose the static gauge, where X2 = \/a'T and xi = y/a'a. The 
finite temperature calculation has been carried out in Refs. ^]. For the sake of 



simplicity we consider the case in which the world sheet of the string depends only 
on the variable U where in particular U depends only on one of the world sheet 
variables Xi. In this case for the action in eq.(|8.34|) we get the following expression: 



2tx 



R/2 
'Rj2 



dx 



b^ 



+ 




(8.35) 
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where x = xi, X2 is the lenght of the "temporal" side of the rectangular Wilson loop 
and R is the distance between the test "quarks". Since the previous Lagrangian 
does not explicitly depend on x the corresponding hamiltonian is a constant of 
motion: 



H 



UHa 



l\2 



,n2 



+ 




-1/2 



C 



From it we get 




(a 



/\2 



i\2 



(8.36) 



(8.37) 



Introducing the minimum value of U, that we call Uq, corresponding, because of 
the symmetry of the problem, to x = 0, and that is the value for which eg. ( |8.37|) 
vanishes, we can determine the constant C in terms of Uq: 



Integrating the differential equation in ( |8.37| ) we get 

'■u dU 



X 52 
ax = — 







a' JUo 



1/2 



(8.38) 



.39) 



Since the two test "quarks" in the Wilson loop are at a distance R in Minkowski 
space, that is the boundary of AdS^ obtained by taking the limit U ^ 00, the value 
X = R/2 in the l.h.s. of eq. (^.39|) corresponds to ?7 — 00. Introducing the variable 
w = U/Uq and taking this limit in the previous eq. we get: 



R 
2" 



a'Uo Ji 



dw 



V 



(8.40) 



Analogously we can compute the energy corresponding to the minimal surface that 
is given by: 



X2 TT Jl 



W 



(«;4 - l){w^ 



(8.41) 



This quantity is divergent and can be regularized by cutting it off at a value Umax/Uo 
and subtracting to it the self-energy of the two test "quarks" {Umax — Ut)/t^ corre- 
sponding to the energy of two strings stretching up to the boundary of AdS^. The 
energy is now convergent and we can take the limit Umax ~^ 00 obtaining 




w 



1 + 



f/T-f/o 



TT 



(8.42) 
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The previous equation can be rewritten as: 



77 Jl 




E=^ r^''dw { -1} + ^^-^ + (8.43) 



From eq.( ^.40|) it is easy to see that Uq — > Ut when R —>■ oo. In this hmit all terms 



in eq.( |8.43| ) vanish except the last one that gives a confining potential with string 
tension given by: 

E^^^^^IIt^ (8.44) 
where we have used eq.( p.33| ). Using eq.( |7.4| ) we get finally: 

77 



^ = ^^/Nq^ymT' (8.45) 

In conclusion we have shown that the high temperature phase of A/" = 4 super 
Yang-Mills is a confining one with string tension given in eq.( p.45 ). 



In the following we discuss in some detail the fact that at finite temperature a 
mass gap appears. The appearence of a mass gap is usually seen by studying the 
two-point function involving for instance the composite and showing that its 
large distance behaviour decays exponentially with the distance: 

< F\x)F\0) >~ e^"^l^l (8.46) 

From this behaviour one can just read the mass m of the lowest lying state that 
has the same quantum numbers as F"^. This provides the mass gap of the theory. 
We could just compute the mass gap from the correlator in eq.( ^.46D , but there is 



a simpler way that we are going to discuss now following Ref . ^ . If the Maldacena 
conjecture is right and therefore A/" = 4 super Yang-Mills is equivalent for large 
values of A to type IIB supergravity compactified on AdSt^ ® S^, then the Hilbert 
spaces of these two theories must be the same. We have seen in sect. ^ that the 
composite and gauge invariant field F"^ corresponds in supergravity to the dilaton 
field (f). In order to construct the Hilbert space in the supergravity approximation, 
that is relevant for constructing the two-point function involving for instance two 
fields we have to consider the classical equation of motion of the dilaton, that 
is the field corresponding to F^, in the AdSr, (g) 5*^ background and search for its 
solutions satisfying certain boundary conditions. Since the dilaton is massless in 
ten dimensions, the i = mode on is also massless in five dimensions. This 
mode does not depend on the coordinates of and satisfies the classical equation: 

d, [Vag^^d.^ = (8.47) 

where Qf^i, is the metric of AdS^ that is given in eq.( |8.23| ) for n = 4. We wish to 
look at solutions of the previous equation that are square integrable in the previous 
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metric and that correspond to plane waves in the boundary gauge theory, i.e. we 
take the dilaton in eq. (|8.47|) to be of the following form: 



$(p,x) = /(p)e^'=-^ (8.48) 



Following the procedure discussed in great detail in Ref. |]12[ it is convenient to 
rescale r by r = h^f. The period of f is equal to n/b and after a rescaling of the 
variables Xi the metric becomes: 

^ = ip'- -2)dr' + + / hd^r + (8.49) 

" P P i=i 

Inserting the previous metric in the dilaton equation with a dilaton field given in 
eq.( p.48| ) we get: 

[p [p' - h') dpf] = ef (8.50) 

Introducing the quantity x = and rescaling x by x iP'x we get the following 
equation: 

x(x^-l)^ + (3x^-1)^ = 1^/ (8.51) 
dx^ dx 4o"^ 

Rescaling k — ^ iP'k in order to have a quantity with the dimension of a mass we 

get that in terms of the rescaled variable the coefficient of the non-derivative term 

in eq. (|8.51|) becomes k'^b'^/A. As a boundary condition we need to impose that the 

solution be square integrable. This means that it must satisfy the condition: 

/ dp^\fip)\^ < oo (8.52) 

Since y/gdp = p^dp = ^xdx the previous condition implies that / ~ with a > 1. 
Near the horizon the metric in eq.( p.49| ) behaves after a rescaling of p as: 

We introduce the variable z related to x through the relation: 

that implies x = cosh(2z). The coordinate singularity appearing in the metric in 
eq. (|8.53|) at x = 1 corresponds in the new variable to z = 0. Then since near the 
horizon 

1 Sinh^ 2Z ^ 2 /o rrN 

X = ~ Az^ (8.55) 

X cosh 2z 

the metric in eq.( ^.53D , in the near horizon limit, becomes the two-dimensional flat 
metric in polar coordinates 

ds"^ = dz'^ + Az'^df^ (8.56) 
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Since the function /(p) is only a function of the radial variable z and not of the 
angular variable f a proper boundary condition for / is that it is smooth at the 
origin, i.e. ^ = at 2; = 0. But, since 

df dx df ■ T r. df df 

= - — r- = 2 smh 2z^ ~ (8.57) 

dz dz dx dx dx 

one gets that the function / must be regular at the horizon x = 1. In conclusion 
we must look for square integrable solutions of the dilaton classical equation in 
eq.( |8.51|) that are regular at the horizon. We can rewrite the differential equation 
in ( |8.51| ) as follows: 



y + 



1 1 1 

+ 



_X X +1 X - 

where f = y. The eigenvalues of eq. (|8.58| ) has been determined numerically in 



Refs. |51|, |52[ . In the following we describe the method proposed in Ref . |Q in 
order to show that the spectrum of the eigenvalues of the differential equation in 
( ^.581) is discrete and in particular that there is a mass gap. The general solution of 



the previous eq. can always be written as a linear combination of two independent 
solutions that in general have singularities at x = 0, 1 and 00. Therefore in general 
a solution cannot be represented as a convergent series expansion throughout the 
entire physical region 1 < x < 00. It is possible, however, to consider expansions 
that are convergent in either of the two intervals I{oo) = {xeC\l < x < 00} and 
/(I) = {xeC|0 < X < 2}. They overlap in the interval 1 < x < 2. In the first 
interval /(oo) following Ref. the most general solution can be witten in terms 
of the two convergent expansions: 

yt^ = 4 + E ^^^rr^^-'-"" (8.59) 

^ n=l 

and 

y^r^ = V log(^)^^^ + E bt^^-"" (8.60) 

^ n=l 

while in the interval /(I) can be written in terms of the following two other conver- 
gent series: 

00 

= 1 + E - ir (8.61) 

n=l 

and 

00 

yi'^ = log(x - l)y['^ + Y: b^n\x - 1)" (8.62) 

n=l 

The expansion coefficients can be determined for any value of p by recursion from the 
differential eq.( ^.5^ ). In general, however, the previous solutions or any combination 
of them will not satisfy both boundary conditions that we have discussed above. For 
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certain values of p it turns out that there exists a solution that is simultaneously 
proportional to and to Ui^^. The condition for this to happen is that their 
Wronskian vanishes: 

/ y(l) y(-) \ 

£^ £^ =0 (8-63) 

\ dx dx / 

For 1 < X < 2 both series are convergent and the Wronskian can be computed and 
can be seen to have the following form: 

The function r{p) can also be computed to any desired accuracy. The spectrum 
of p is determined by the zeroes of r{p). It can be seen that there is no positive 
or zero eigenvalue of the differential equation in eq. (|8.58| ). Therefore a mass gap is 
generated together with a discrete spectrum. In particular the eigenvalue spectrum 
can be approximately computed using the WKB approximation and one gets 0, 
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= -r = Stt [T{3/A)YT^n{n + 1) (8.65) 

where n is an arbitrary positive integer. 

In this section we have studied the behaviour of A/" = 4 super Yang-Mills at high 
temperature. Remembering that finite temperature means that one direction (the 
euclidean time one) is compactified along a circle of radius equal to l/(27rT), then 
the radius becomes very small at high temperature. This means that at high tem- 
perature the theory becomes effectively three-dimensional and therefore studying 
the original four- dimensional theory at high temperature corresponds essentially to 
study a three-dimensional theory in which supersymmetry is broken and in which 
we expect that both the fermions and scalars get a mass of the order of the tem- 
perature. Because of this it is then natural to think that this theory reduces to a 
theory of pure Yang-Mills in three dimensions. The relation between the four and 
the three-dimensional coupling constants can be found by expanding the D 3-brane 
effective Born-Infeld action and keeping only the kinetic term for the gauge field 
as we have done in eq.( 1.10| ). In this way for p = 3 one gets the Yang- Mills action 



in four dimensions with Qyma — '^'^9s- Then remembering that the time direction 
is compactified with radius equal to l/(27rT) we get the Yang-Mills action in three 
dimensions with coupling constant equal to: 

9ym3 = 9ymaT (8.66) 

We have seen that the use of the supergravity approximation is allowed only in the 
strong coupling limit where Nqyma = A >> 1, while the three-dimensional Yang- 
Mills scale Nqyms is obtained in the limit in which T ^ oo and Nqyma ~^ 0- 
order to study this limit we have to go away from the supergravity approximation 
and take into account the tree diagrams of string theory. But this is unfortunately 
beyond our reach at present. 
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9 D = A Yang-Mills from the M-theory 5-brane 



In the previous section we have seen how, starting from the ten-dimensional non 
extremal D 3-brane, one can describe strongly coupled A/" = 4 super Yang-Mills 
at high temperature or alternatively a theory that is presumably in the same uni- 
versality class of three-dimensional Yang-Mills theory. In this section we discuss 
a suggestion, made by Witten [Q, on how to extend the previous procedure from 
three to four-dimensional Yang-Mills theory. The starting point in this case is not 
the D 3-brane of the ten-dimensional type IIB string theory, but the 5-brane of the 
eleven- dimensional M-theory. This solution has in the near horizon limit a metric 
corresponding to the manifold AdSj (S> with the two radii given by: 



R 



■AdS7 



= b= 2lp{'nNf'^ 



Rs, = L = - = £p(7riV)V3 (g_^^ 



where the 11-dimensional Planck lenght ip is related to the 11-dimensional grav- 
itational constant by 2k,1^ = (27r)^£p. Following the notation of Ref. the 11- 



dimensional metric of the non-extremal 5-brane in the near horizon limit is given 
by: 



V y 



L2 



(9.2) 



The previous variables y and t are related to the variables p and r used in eq. ( ^.23| ) 
by the relations: 



y = jP 



t = —T 

yo 



(9.3) 



while the parameters yo and L are given in terms of the temperature and of the 
11-dimensional gravitational constant by: 



yo 



—TL^ 
3 



(9.4) 



If we compactify one the 11 dimensions belonging to the world volume of the M5- 
brane we obtain a 10-dimensional theory in which the original M 5-brane becomes 
the D 4-brane of type IIA string theory. The dilaton and the 10-dimensional metric 
of the D 4-brane can be obtained using the formula: 



{ds 



11 



=40/3 



(^dx^ + A^dx^ 



+ e 



-20/3 



(dSio) 



(9.5) 



where what is usually called the 11th dimension is here the 5th direction. 



Comparing eq. ( p.5| ) with the 11-th dimensional metric in eq. ( |9.2| ) we get that 
the dilaton is given by: 



(9.6) 
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and the ten-dimensional metric by: 



it) ^ 



V 1 



y / i=i . 



(9.7) 



Notice that the dependence on the string couphng constant in the second term of 
the previous equation disappears in the third term because we use variables that 
are 10-dimensional. Both L and yo in eq.( |9.7D are now expressed in 10-dimensional 
units. Remembering that a lenght L^^"^ in 10-dimensional units is related to a 
lenght L^^^^ in 11-dimensional ones through the formula : L^^^^ = g^^L^^^^ we get 
that the quantity L in eq.(p.7|) is given by: 



{91 



where \/a' = f^^^-* is equal to the 11-dimensional Planck constant in 11-dimensional 
units. 

A system of D p-branes of type IIA theory is described at low energy by the 
non-abelian version of the Born-Infeld action given by: 

Sbi = Tf~^ STr J (P+^ie-'^^det {G^p + B^p + 27ra'F„^) + 



(9.9) 



It contains external NS-NS and R-R fields that are normalized in such a way that 
the Lagrangian of the bulk theory is given by: 



Sbulk — 

where 



2(4?)^ 



■2(p 



R + iG^'^d,, 



1 

12' 



1 



p 
9s 



(27rVa 



2Tra'gs 



fXp = V 27r(27rv a 



2(p + 2)! 

(9.10) 



(9.11) 



Remember also that 2k^q = 2(/t^o^)^5's = (27r) ''(a')^5(f . We keep in the Born-Infeld 
action only the gauge field and the zero component of the 1-form potential. Then 
using the formulas given in eq. (|9.11|) and compactifying the time (temperature) 
direction we can rewrite eq.( |9.9| ) for the case of a D 4-brane as follows: 



Sbi = j;STr J d^x^det (G^p + ^i^a'F^p) + ^(27ra')Vi°) j A^'^STr (9.12) 
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Using the relation: 

I A^'^STr d^xe^f'^'^A^Tr (F^^Fs,) (9.13) 

keeping only the time component of the R-R field Aa and expanding the Born-Infeld 
action restricting ourselves only to the quadratic term in F we get: 

Sbi = j;{2na'f J d'x \^Tr{F') + ^gsA,Tr {e^^^'^ F^^F^,)^ (9.14) 

Using the equation: 



r4(2W)2 1 



T (27r)2TvV(?, 
and introducing a parameter A through the equation: 



(9.15) 



27,V^g, = A (9.16) 



we can rewrite eq.( p.l4| ) as follows 



Zha 



1„ .^o. 1 

4 



Tr(F2) + -g^AoTr {e^'"'' F^^Fp,) 



(9.17) 



From eq.( p.l7| ) we can read the value of the Yang-Mills coupling constant and 
connect it with the radius R^^'^^ of the 5th direction in 10-dimensional units. We 
get: 



A = 2-nRiTN Rr' = Ri = Va'gs - = 2nR2 (9.18) 

ZTT T 

or in other words: 

g'y,, = {2nR,){2rrT) = '^ (9.19) 

To summarize we started with the M-theory 5-brane having a six-dimensional world 
volume. We have then compactified two of the six directions on two radii. The first 
one, that we called Ri, corresponds in going from the 11-dimensional M-theory 
to the 10-dimensional type IIA string theory and because of this compactification 
the M-theory 5-brane becomes the 10-dimensional D 4-brane of type IIA theory. 
The second radius R2 that from the point of view of the 5-dimensional theory, 
corresponding to the world volume of the D 4-brane, is related to the temperature 
which is also the temperature of the non-extremal black hole solution, has been 
introduced in order to reduce ourselves to a 4-dimensional theory gauge theory 
that we are interested to study. In particular in the temperature direction we are 
free to choose antiperiodic boundary conditions for the fermions of the theory and 
correspondent ly they will have masses equal to (2n + V)/ R2 {n is an integer) that 
become very big in the high temperature limit {R2 0). Also the scalars of the 
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theory will get a mass of the order gyMl and they will also become very massive 
in the high temperature limit. Therefore in this limit we will be left with only the 
gauge field and it looks plausible that such a theory is in the same universality class 
as pure Yang-Mills theory. 

In the second part of this section we will show how to compute various observ- 
ables as for instance the Wilson loop |^ and the topological susceptibility in 
the previously defined four-dimensional theory. Let us start computing the topo- 
logical susceptibility. In eq.( |9.17|) we see that the Yang-Mills topological charge 
density is coupled to the time component Qs^o = h oi the R-R field A 



N 1 
2^ ' 8 



HV-^ pa 



(9.20) 



where /i, p and a are all four- dimensional indices. Therefore in order to compute 
correlators involving the topological charge density as for instance the topological 
susceptibility, that is related to the two-point function with two operators O4, we 
must look at the classical eq. of motion for Aq that follows from the type IIA 
supergravity Lagrangian. The relevant term of the type IIA supergravity is the 
kinetic term for An-, namely 



2(k 



{0)^ 
10 J 



2(k 



(0)^ 
10 J 



d'^x^-g^'-g^'d^Aod^Ao (9.21) 



The function h = gsAo is determined by solving the classical eq. that follows from 
the previous action: 



d., 







(9.22) 



We can assume that h is only a function of y. In fact, since we will see that the 
contribution to the various correlators comes from a boundary term, the dependence 
on the other variables will be irrelevant because they will never contribute to a 
total divergence. Remembering that the background metric following from eq. ( |9.7D 
is given by: 



,00 




„yy _ 
^ 4L 




(9.23) 



we get the following eq. of motion: 



dyh 



(9.24) 



Integrating it with the two boundary conditions: 



lim h(y) = h"^ 



h{yo) = 



(9.25) 
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we obtain the following solution pR EM: 



h{y) = 



(9.26) 



When we insert it in the action in eq.( p.21| ) we are left with only a surface term 
that cannot be neglected and is equal to: 



S, 



class. 



2 I d "2/ 



Using eqs.( |9.23D and (|9.26| ) we get: 



}l dy h I QQ 



1 fy 



(9.27) 



(9.28) 



Inserting them in eq. ( |9.27|) we see that the dependence on y cancels out and we get 



S, 



class. 



1 .(/,oo^2 3z/o' 



dVL^L^ J d^x J dt 



(9.29) 



Using the following expressions 

^2 



dVtd 



d^x = 



dt= - 
T 



eq.( |9.29| ) becomes 



class. 



no-* 



oo\2 



(9.30) 



(9.31) 



The correlator involving two operators O4 is obtained by differentiating twice e 
with respect to and eliminating the volume factor. We get: 



d^x < dd{x)di{Q) >-- 



K 



10 



36 



(9.32) 



where we have used eqs.( p.4|) and the relation k^q = nf-^^NT/X that follows from 
eq.(|9.16|). Finally the topological susceptibility is given by 



Xt 



d'^x 



X 



27cN 4 



1 ~ ~ SA^T^TT 

< O4(x)O4(0) > = 



36 



(9.33) 



We can use the previous results to determine the behaviour of the vacuum energy of 
a gauge theory in terms of the vacuum 6 parameter. In particular in the supergravity 
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approximation one can show that the vacuum energy behaves precisely as given 
in eq. (|4.41| ) according to the large N considerations discussed in sect. |[ We have 
seen above that the Born-Infeld action gives a term of the following form (see 
eq-iH)): 

/ AATr(FAF) (9.34) 
Jv 

where V = x R^. The previous equation implies that we can introduce a 9 
parameter in the four-dimensional gauge theory by requiring that the integral of 
the abelian vector field A along the compactified direction be nonzero and equal to 



A = e + 2TTk 



(9.35) 



where A is the value of the abelian vector field in Minkowski space corresponding 
to the limit y ^ oo and we have taken care of the fact that 6 is an angular variable 
by extracting from it the factor 2TTk. The vacuum energy of the four- dimensional 
gauge theory can then be computed by proceeding exactly as in the calculation of 
the topological susceptibility and obtaining: 



Xt 



E{e) = ^Miukie + 27Tky 



(9.36) 



in perfect agreement with eq. (|4.40|) obtained in the framework of the large ex- 
pansion after having used eq.( |4.31| ). 

We now turn our attention to the Wilson loop, we show that it is proportional 
to the area and from it we extract the string tension. The calculation is very 
similar to the one we have done in sect. H for AT = 4 super Yang-Mills at finite 
temperature. One starts with the string action in eq.( ^.34| ) in the metric given in 
eq.( |9.7| ). Choosing the static gauge where xi = x = y/a'a, X2 - 



Va r, assummg 

that only the anti de Sitter variable y is a. function of x and remembering that (see 
eq.(E3) )■■ 



G 



X2X2 



G 

y 




-1 



(9.37) 



we get the following expression for the string action: 

X2 /•«/2 



s 



2'Ka' 




1 





1/2 



(9.38) 



where we have defined y = U"^. 
motion implying that: 



Also in this case the hamiltonian is a constant of 



u_ 
1? 



1 

Z2 



1- ^ 





-1/2 



c 



(9.39) 
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From it we get 



. dx / 



LV I U 



2\ 3' 



(9.40) 



where Uq is the minimum value of U corresponding to = {Uof'/L^. Since for 
symmetry reason U = Uq corresponds to a; = by integrating the previous equation 
we get: 

Uo /L^y/^ fU/Uo dw 



X 



1/2 



(9.41) 



where we have introduced the variable w = U/Uq- If we go to the boundary, 
corresponding to sending U ^ oo and correspondently a; — > i?/2 we get: 



R_Uo £_ 
2~T[u'o 



2\ 3/2 



dw 



1) (w^ - 



UoJ 



1/2 



(9.42) 



Analogously we can compute the energy corresponding to the minimal surface that 
is given by: 



Up 
na'L Ji 



dw 



w 



^{w^-l){w^-{^f) 



(9.43) 



Also in this case the energy is divergent. It can be regularized by cutting off the 
integral at Umax/Uo and subtracting the quantity {Umax — Ut) I ijoi' L) where Ut = 
Uq. With the previous subtraction the integral in eq.( p.43| ) becomes convergent and 
one can integrate up to infinity getting: 



E = -\ I dw 



na'L Ji 



w 



'(^3_l)(^3_(|)^) 

In conclusion we arrive at the two equations: 

2L2 /-oo dw 



-1 + 



a'nL 



R 



and 



E=-^ I dw 



na'L Ji 



1 + 



Ut-Uq 
na'L 



(9.44) 



(9.45) 



(9.46) 
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From eg. ( |9.45| ) we see that when R ^ oo then Uq Ut- On the other hand 
eq. (|9.46|) can be rewritten in the form: 



Tca'L Ji 



w 



1/2 



+ + ^Clfl (9.47) 

na L lira L-^ 



Then for large R we get a confining potential with string tension given by: 



Using the first eq. in (|9l^ ), eq. (|9.8| ), the first eq. in (|9.18| ) and eq . (19.161) we arrive 
at: 

^=%i9'YMN)T' (9.49) 

In this section we have described Witten's proposal for studying Yang-Mills the- 
ory starting from the M-theory 5-brane. In particular we have computed several 
observables in the strong coupling limit of the gauge theory where the supergrav- 
ity approximation can be applied. In order to understand large gauge theories 
one would hke, however, to continue the previous results from strong to weak cou- 
pling and to show that there is no other singularity except the one obtained when 
Nqym ^ 0, where we expect to recover the asymptotic freedom behaviour of gauge 
theories for the various observables. This is, however, at the moment a difficult 
problem to solve and some new idea seems to be needed. 
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